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Bandwidth Sharing: Objectives and Algorithms

Laurent Massoulié and James Roberts

Abstract—This paper concemns the design of distributed ~ The appropriateness of the max—min allocation has already
algorithms for sharing network bandwidth resources among peen questioned by Kelly [13], who argues that bandwidth

contending flows. The classical faimess notion is the so-called gy rather be shared so as to maximize an objective func-
max—min fairness. The alternative proportional fairness criterion

has recently been introduced by Kelly; we introduce a third tion representing _the _overe_ll utility _of the flows in progress.
criterion, which is naturally interpreted in terms of the delays Assuming a logarithmic utility function where the value of a
experienced by ongoing transfers. We prove that fixed-size window flow increases with allocated bandwidth in proportion to

control can achieve fair bandwidth sharing according to any of g A results in so-called “proportional fairness.” An alternative

these criteria, provided scheduling at each link is performed in T ; ; ; ; ; ;
an appropriate manner. We then consider a distributed random utility function with decreasing gradient is-( /) leading

scheme where each traffic source varies its sending rate randomly, to the bandWIdth-sharlng obJeCt'\_/e O_f minimizing the.sum of
based on binary feedback information from the network. We show the reciprocal of rates. This objective may alternatively be
how to select the source behavior so as to achieve an equilibrium interpreted as minimizing the overall potential delay of the
distribution concentrated around the considered fair rate alloca- transfers in progress. All three objectives, max—min fairness,
tions. This stochastic analysis is then used to assess the asymptotitbroportionm fairness, and minimum potential delay, can be
behavior of deterministic rate adaption procedures. ) ’ . . !
generalized to account for deliberate bias in bandwidth allo-
Index Terms—Congestion control, distributed random search, cations according to the value of weights which might, for
fixed-size window control, max—min fairness, potential delay min- instance, reflect different tariff options.
imization, proportional faimess. While max—min fairness is often the stated objective, it is
widely recognized that this is imperfectly achieved by most
I. INTRODUCTION network flow-control protocols. In particular, it turns out

N A NETWORK like the Internet, where a majority Ofthat the additive-increase—multiplicative-decrease conges-
traffic is generated by the transfer of “elastic’ documen jon-avoidance principle_ [6], as implemented, for instance, i_n
(files, Web pages, etc.), user-perceived performance depe 5:43 [11], tends to r_eahz_e proportional rqther than max=min
critically on the way bandwidth is shared between concurre rness [14]. Ma)?‘m'” faimess can be ach|eyed t_)y explicit-rate
flows. The objective is generally to use all available bandwidﬁ?ltchmat'or!l abllgortl)Tm? SLACQRaS thqse SItUd'e.d 'la\nn\t/lhel cogtext
to the fullest while maintaining a certain “fairness” in th € avallable bit rate ( )serwce class In [ ]’,[ ]
allocations attributed to different flows. The most commoh OWEVES. €Xperence .suggests that.'t IS Q'ﬁ'cu" o ach|eve a
understanding of fairness in a network is max—min fairnes%a,‘t'SfaCtory compromise l_)etween simplicity of the algorithm
as defined, for example, in [2]: rates are made as equal ea{)sd resultl.ng fairness which ge_nerally depends on all nodes
possible subject only to the constraints imposed by ”r{mplen}entlng trlt;.same mechanllslms. distributed algorith
capacities. In fact, there appears to be no clear economic reas Quhr ocusbln . |s|papert|s(jmeltrr:y ?nth Istribu el "j.ltgo”f ms
why max—min sharing should be preferred over some oth\gI ',(; ct:an Ie Ilrr:p ement(re] V\g out the ?ofmp§X| yd? ex-d
bandwidth allocation. More rational objectives would be t8 !c:j-rae CatCLIIaIOES, elt erd_ ytmeans 0 flxe gnb' 0-en
maximize overall utility accounting for costs and perceive}g'In ow con :O bc_)r y rate a tj.US men SI pe_ltr:)rm(ta d yfufeerz
value or to minimize the expected response time of any transf@r.rSSponSﬁ 0 |natry .congtes |:)n h&gnzs. q .Ztﬁ uhy 0 |>(;e
In this paper, we discuss possible bandwidth-sharing objecti\>'(‘-f= ows a’lows us o investigate how bandwidth sharnng de-
and the design of the flow-control algorithms by which the ends on the queue service Q|SC|pI|ne |mplemented. n network
can be achieved. Although we consider here that the netw des_ and to illustrate the impact of t_he round-trip time of
handles a fixed set of flows, it should be noted that bandwidth€ d'ff_ere”t routes. TO. analyz_e algo_nthms based on users
sharing is generally performed in the context of random creasing and decreas!ng their rate in response to a pmary
varying demands as data transfers begin and end. Prelimin ggestlon S|%na:, w(tah|ntroduce a fa’.“"¥ Otf (hypothetmzi_l)
investigations on the impact of this random traffic are describ ghdom-search algoritnms, assuming instantaneous reactions
in [17] i.e., negligible round-trip times). The properties of this family
' can be used to derive the precise increase—decrease behavior
necessary to realize particular sharing objectives.
. . . _ Practical bandwidth-sharing algorithms must obviously take
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objectives and provide valuable intuition to guide the design routes in Rq
realistic packet-based algorithms. Clearly, however, more exte e <
sive investigations would be necessary to bring the present .. routes in Ri routes in Ro routes in Rp
sults to th.e stage of a practical proppsition. . Fig. 1. Linear network

In Section I, we recall the definition of max—min and pro-
portionally fair sharing and their weighted generalizations, and
propose an alternative minimal potential delay criterion. Sonfleust be zero for some flows. For example, consider the linear
common bandwidth-sharing algorithms are described in Sétetwork of Fig. 1 with one route on each link and one route
tion 1l, notably the fixed end-to-end window, for which weend to end. For a given allocatiow, in order to maximize the
show how realized sharing depends on the service discipli¢éerall throughput within the capacity constraints we should
implemented in network nodes. A new class of random-sear@ipcate A, = 1 — Ao to all the other routes giving a total
distributed algorithms which can achieve a target rate allocatiifoughput ofL — (L — 1)Aq. This is maximal for\o = 0 and
with an arbitrarily small level of noise in response to a binarp then equal td.. More acceptable sharing objectives are dis-
congestion indication is introduced in Section IV. The behavigtissed below.
of these random schemes approximates in some sense that 8 Max—Min Fairness:Max—min sharing is the classical
more realistic deterministic schemes and thus allows an invé§aring principle in the domain of data networks as discussed,
tigation of the rate sharing achieved by general-increase—gé-instance, by Bertsekas and Gallager [2]. The objective stated
eral-decrease schemes. Section V presents preliminary congitRply is indeed to maximize the minimum 64,.} subject to

sions drawn from the results of the studied bandwidth-shariffée capacity constraints. More formally, the allocatidnsnust
models. be such that an increase of akywithin the domain of feasible

allocations must be at the cost of a decrease of sbmeuch
that\,, < A.. This leads to the following defining condition.

For every router, there is at least one linke » such

[I. BANDWIDTH SHARING

In this section, we introduce the considered network model
with fluid flows and discuss possible bandwidth-sharing objec-

tives. Z A =C; and A, =max{\., " 31} 2
51
A. Network Model 3

Consider a network as a set of linkswvhere each link € £ Itis known that there exists only one such allocation when the

has a capacitg; > 0. A number of flows compete for access td’lumber of resources and the number of routes are both finite.
these links, each flow being associated with a route consistiFBe max-min fair shares, can then be computed by the fol-

of a subset of, and we use interchangeably the temmste or lowing “filling procedure” (see, e.g., [2]): start at time O with
flow in the sequel. We note € » when router goes through null rate allocations along each route. Increase linearly in time

link . Let’R denote the set of routes. Note that some subsets{3#Se rate allocations. When at some time the capacity limit is

routes may use precisely the same set of links. reached at some link, freeze the rate allocation of those routes

In the sequel we assume that the set of flows is fixed. wat go through this link, but proceed with this linear filling for

seek to allocate link bandwidth to the set of flows to meet sorHéose routes not yet constrained. The desired rate allocation is

sharing objective. Led,. denote the allocation of route Fea- °Ptained as the limit of this procedure. o
sible bandwidth allocations must satisfy the capacity constraints! '€ Max—min allocation for the network of Fig. 1 is

1
_ forr e R
doan<a, ek 1) P r € Ro
r2ol >1
A =
We assume here that flows are perfectly fluid and ignore the 1 o
problems of granularity due to packet size. 7 1= To+ maxz; |’ forr € Ry, 121, 2> 0.
>1

To illustrate possible allocation strategies, we consider the
simple linear network depicted in Fig. 1. The network consisF
of L unit capacity links withzq long routes which cross every
link, andz; routes which use linkalone, forl < { < L. Denote
by Ry the set of long routes and by,
only link [.

A the particular case whesig = 1 for< > 0, the allocationto all

routes isl /2 and the total throughput {[d.+1)/2, considerably

.~ less than the maximurh.

the set of routes using 2) Proportional Fairness: The appropriateness of max—min
fairness as a bandwidth-sharing objective has recently been
questioned by Kelly [13] who has introduced the alternative
notion of proportional fairness. Rate allocatioxsare propor-

We now discuss possible objectives in fixing the bandwidtionally fair if they maximize}_» log A, under the capacity
allocations,.. A natural objective might be to choose the constraints (1). This objective may be interpreted as being to
so as to maximize the global network throughput, that is to sagaximize the overall utility of rate allocations assuming each
to maximize}_ A,.. However, a significant drawback with thisroute has a logarithmic utility function (the law of diminishing
sharing objective is that it often leads to allocations where returns).

B. Sharing Objectives
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Again, in the case of finitely many links and routes, the vect@and
of proportionally fair rate shares. is unique. It may be charac-
terized as follows. The aggregate of proportional rate changes
with respect to the optimum of any other feasible allocation
is negative, i.e.,

xr=

~M=

2
1 J

Yi = x—z 7L7
" 2
Yo R

R

L= 1 — —1
Consider how this rate allocation works in the case of tHQ ;he c_as\(;zwherez\/_z 1,hth|s reduces to{? h_ (1 : \/z!gf

linear network of Fig. 1. First, it is clear, by concavity of thétNd7i = /_(1 - ), ence an overal throug .pUt +
log function, that all routes in the same g&t must have the 1—+/L. On this example, this criterion is intermediate between
same allocation. Let; be the allocation of routes in S&, the two previous ones, in that it penalizes more (less) severely
for 0 < i < L. We necessarily havegyo + #;7 — 1 for long routes than max—min (proportional) fairness, resulting in a
1< i< L_Thié sum is the capacity used atzlilz;land must larger (smaller) overall throughput. It is not known whether the
therefore be less than or equal to one; however, for any ra@ne ordering holds for arbitrary network topologies.

allocation such that this sum is less than ep&an be increased 4) Weighted SharesAll three criteria admit natural gener-

without violating the capacity constraints and this results in am'zat'ons with w e|ght|ng fac_tor$,, .assomated W'th. each rou_te
increase in the objective function to be maximized. It follow’ SUCh thatan increase in this weight leads to an increase in the

that to determine the optimal rate allocation we must find tH’gcelved sharg,.. L L .
value~, which maximizes The general definition of max—min fairness is then:

For all r, there is at least one linke » such that

;>0 i=1,..., L.

L
1 —
zolog(v0) + Y _ w;log <ﬂ> :

Ly

=1

Z A =C; and ;—7 = max { ;’J '3 l} N ©)
Differentiating, we have that at the optimum e
I As in the unweighted case, the corresponding allocation can be
Lo _ Z TiZo obtained through a filling procedure, but now the speed of in-
Yo = 1—z0% crease of the rate along routeshould beg,.. In the case of a
single bottleneck link, the allocation to each route is in propor-
giving tion to its weight, i.e., we hava, /¢, = constant.
1 A weighted version of the proportional fairness criterion is
Yo = ——F—- described in [13]. The rates. are then chosen so as to maximize
2o+ 3 i > r ¢rlog A.. Equivalently, for any other feasible allocations
i=1 AL, the aggregate of weighted proportional rate changes with
respect to the optimum allocatign, ¢,(A,. — A,.)/ A, would
be negative. Again, in the case of a single link, the weighted

. proportionally fair allocations are such thgt/¢,. = constant.
This corresponds to an overall throughpufef(L—1)/(L+1). Similarly, in its weighted version, the minimum potential

Itis clear from this example that proportional fairness penalizatcélay allocation is that which minimizes., ¢ /A,.. It coin-
R r (

long routes more severely than max-—min fairmess in the INter&Rfes with the two previous allocations in the case of a single
of greater overall throughput.

. L L lin
3) Potential Delay Minimization:Recognizing that flows

exist for the transfer of documents, a legitimate banqc-) express the relative value of their traffic with the assumption

width-sharing objective would be to minimize the time dela}hat they pay more for a higher valuegf. Note, however, that
needed to complete those transfers. In the present static regimI y y

o . . i Evariation of the optimal allocatiok. with ¢.. is not straight-

it is more appropriate to consider a potential, rather than actudlyard: the increase in.. is approximately proportional t,

flow transfer time equal to the reciprocal of the rate aIIocatiora,nly when the number (’)f routes sharing a link is large ar11d the
1/A,.. In other words, we would seek the allocations minimizmﬂ\dividual allocations are small.

the total potential delay . 1/),.. This may alternatively be seen

as a utility maximization where the utility function depends on
Ar through aterm proportiona| tb/)\7 I1l. CLASSICAL BANDWIDTH-SHARING ALGORITHMS

Consider the network of Fig. 1. Ea-sy calculations yield the There are two broad classes of adaptive bandwidth-sharing
following ratesy; for those routes ik, algorithms which, following ATM terminology, we refer to as
1 “explicit-rate” and “congestion-indication” algorithms. A sim-
Yo = B pler alternative is to employ a fixed end-to-end window on each
To + 1/ E -TJ2
1

In the particular case where = 1 for 0 <4 < L, we deduce
the allocatiory, = 1/(L + 1) andy; = L/(L + 1) fori # 0.

The use of weights has been advocated as a means for users

route. Analysis of the latter algorithm illustrates the impact on
allocation fairness of queue service disciplines.
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A. Explicit-Rate Calculations [1]. It is generally recognized in the ATM community that

By employing the filling procedure described in seccongestion indication is less fair than explicit rate due to the
tion 1I-B-1, it would be possible for an omniscient centrafC-called “beat-down” effect: flows routed over a long path are
controller to compute max—min fair shares for all routes afore often required to reduce their rate than flows on short

to update allocations as the number of flows or availabf@Utes and are consequently unable to compete fairly.
According to recent results from Kellgt al, the beat-down

bandwidth changes. Such a solution is, however, clearl¥f - -
impractical in any moderately large network. Practical eXlect may simply be another way of saying that conges-

plicit-rate algorithms are based on the distributed calculation f¢n-indication algorithms realize proportionally fair rather
than max—min fair sharing [14]. More precisely, it is shown in

rate allocations. , ; .
The algorithm described by Chare al. [5] converges in a [lA_f] that,_lgn_or_lng the_feedback delay a_nd assuming perfectly
finite number of iterations to an exact max—min fair rate allocdUid traffic, it is possible to create weighted proportionally
tion. The algorithm is based on users progressively discoveriff Sharing using a common multiplicative decrease factor and
their rate allocatior,. by comparison with the “advertised rate”@n additive increase rate proportional to the required weight.

of the links on its route. The advertised rateof link / is given In Section IV, we propose an alternative justification for the
by observation that classical flow-control algorithms tend to

produce proportional rather than max—min fair sharing.
Cir— > A

rely

A= C. Fixed End-to-End Window Control

Reliance on nonadaptive end-to-end windows is a feasible

whgrel“l denotes the subset qf routes> | WhiCh are con- bandwidth-sharing option when link buffers are sufficiently
strained (bottlenecked) by any link other tHag, is the number large to eliminate the possibility of data loss.

of routesinl’;, andn, is the total number of routes going through - A g<ume route has a window of siz@, (given, say, in bytes)

link . The max—min allocation is characterized by the fact th%d let7,. denote the round-trip time associated with rouge

_)\,, < _Al forr € I';and), = A;forr € z\rl._At each step ofan excluding any queueing delay on the forward data transfer path.
|ter§t|ve prc_)cess, the “S‘?f,s update an _estlmate of the|r rate qlllpgeneral, the use of window control leads to fluctuating rates,
cation, settmg\,, to the minimum advgrtlseq rate on their FOUl&; o the),. vary in time resulting in bursty traffic. However, for
Atthe same time, the links progressively discover the membeSgent purposes we shall assume that the network is equipped
of setI’; for which A, < A;. with additional mechanisms which smooth out the bursts, en-

Alternative explicit-rate algorithms, studied in the context Oébling the establishment of a static regime whereXtheemain
ABR, are outlined by Arulambalaet al.[1]. Itappears difficult cqngtant. In the assumed fluid model, first-in—first-out (FIFO)

to find an optimal compromise between achieved faimess, sty eing is sufficient to maintain such a static regime, but some

bility, robustness, speed of convergence, and link utilization. Eggyher device would be necessary to smooth out the bursts and
plicit-rate algorithms generally impose severe processing CQihgre initial convergence. We do not further pursue the search
straints on network nodes and_rely on u_niform implementatiqg, ¢ ,ch a mechanism, the current aim being to explore how
throughout the network for optimal efficiency. the fairness of the resulting allocations depend&nand ..

We consider here how different sharing objectives are realized
depending on the service discipline implemented in network

In view of the complexity of explicit-rate algorithms, most,gges.

network flow-control protocols are based on simple binary indi- 1) proportional Fairness: In the case of FIFO queueing, we
cations of congestion issued independently by the network linkgye the following.
In practice, the condition for defining a state of congestion may Thegrem 1: The fluid model under consideration, with non-
depend on buffer occupancy, on measured average input ratg@iptive end-to-end window control and FIFO queueing at each
a combination of both. link, the window and round-trip time of routebeing B, and

By studying the impact on the sharing of a single link of vary; respectively, has a unique static regime. The associated sta-

ious possible reactions to the presence or absence of cong@grary rates\, on each route are characterized as the unique
tion, Chiu and Jain have demonstrated the optimality of addip|ytion to the optimization problem

tive-increase and multiplicative-decrease algorithms [6]: in the

abs_ence of cpngestion, users increa_se their sending rate linearly max Bolog A — A\ T (4)

until congestion occurs and then begin to decrease the rate expo- ,

nentially. The rates of increase and decrease must be chosen to

limit the amplitude of oscillations which can lead to inefficienunder the constraints,. > 0, 27,31 A < C.

cies in link utilization and to ensure rapid convergence whenthe Proof: Let B; , denote the volume of traffic from route

population of active flows changes. currently in the buffer of linkl. In the assumed static regime,
The additive-increase—multiplicative-decrease principle fBese quantities, like thg,., are constant. Now, at any time,

widely implemented in proprietary and standardized protocolsnacknowledged traffic emitted on routeis in one of three

notably in the congestion-avoidance algorithms of TCP [113tates: in transit on the forward path, queued at some link, or at

Standard user behavior in ABR in response to the binadgstination with an acknowledgment in transit on the backward

congestion-indication signal is also based on this princippath. The total volume of traffic in transit in the forward path

nr—a

B. Congestion Indication

R
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or whose acknowledgment is in transit on the backward path isRemark 2: When the round-trip delays are nonnegligible,

equal toA,. ;.. We deduce the conservation equation theirimpact on the,,. can be assessed from (4). Consider, for in-
stance, a single link with unit capacity shared by two routes with
AT+ By =B, (5) associated round-trip time§ and window sizes;, i = 1, 2.
ler If Bl/Tl + BQ/TQ < 1, thenone has; = Bz/frz Otherwise,
Assuming servers do not idle, it holds that tedious but straightforward calculations yield
N <C=B,=0  foralr>l A\ = 25
31 Tl_T2+Bl+BQ+\/7

On the other hand, when the buffers are not empty, becausavbere
the assumed static regime and FIFO policy, the output rates are

2
proportional to the buffer contents, i.e., Z=(T1+132 — Bi — Bo)" + 4(B11> + B>T1 — Th'l»)
_ By, Ay o and a similar expression holds fis.
Z Ar=Cr= B, A forallr, 751 (6) Related and more general results for FIFO queues have re-

2! cently been derived by Mo and Walrand [18].

Indeed, in order to maintain the static regime, data packets from2) Maximum ThroughputTheorem 1 relies on the fact that

different routes should be homogeneously interleaved in ttiee scheduling policy is FIFO. However, when another policy

buffer. Denote byB(l) the total buffer content at link, i.e., is used instead, it turns out that an analogous result often holds,

B(l) = _,5; Bi,»- Summing the previous equation over with a suitably modified objective function. This is illustrated
by the following theorem.

Bl,.=\ @ (7) Theorem 2:In the setting of Theorem 1, if each link imple-
’ G ments per flow queueing with longest-queue-first (LQF) policy
Substituting (7) into (5) yields among queues, in any static regime of the system’s behavior, the
corresponding stationary rates are uniquely characterized as the
B(D) solution to the optimization problem
X | T —2| =B, 8
+ IZ G 8)

max Z B\, — %)\?T, (9)
where theA,. and theB(l) are nonnegative, and such that for R

alll, >, A < Cryand}_ o A < G = B(l) = 0. The  ynder the usual nonnegativity and capacity constraints.
Lagrangian associated with the optimization problem (4) is (the  proof:- Let B, , denote the amount of connection

constraints\,. > 0 need not be included here) packets backlogged at the access of linin some candidate
static regime and se8(!) = max,5; B; . The policy is such

L= Z B.log A\ — M T + Z L <Cz - Z A,,) . that, whenB; ,. < B(l) , one necessarily has. = 0. When

R = ol B; . = B(l), on the other hand, the policy pugspriori no

. . .. constraint on the corresponding allocativgn The Lagrangian
According to the Kuhn-Tucker theorem, the optimum is th P g ad grang

. . ) &ssociated with (9) reads
unique vector satisfying the constraints and such that

aL =0, reR L= ZBT}\T — %)\?ﬂ + Z 17} <CI - Z A,) + Z G Ar.
R l R

oA

o1
20, Y A <C= =0 At the optimum, we have
=1
The first condition reads AT = By — Z e+ g
B ler
Ar Identifying then the Lagrange multipliers with the maximal

2t buffer contentsB(l), this equation is exactly the conservation

Settingw, = B(l)/C; and comparing this with (8) it may readily equation for packets and acknowledgment on reutghus, in

be verified that any vector of rates. which correspond to a any static regime the stationary rafgssolve (9); they therefore

static regime for the fluid model under consideration is a solde not depend on the static regime under consideration, since

tion of the above maximization problem. Since such a soluti@f), being a strictly concave maximization problem, has a unique

is unique, by strict concavity of the objective function, there exsolution. ]

ists only one such static rate allocation. [ | Remark 3: When the round-trip delay$,. are negligible,
Remark 1: When the round-trip times are negligible, thehese stationary rates tend to maximize the sum of the through-

objective function in (4) reduces 9’ B, log A,., so that the puts,., weighted by the window sizeB...

static rates constitute the proportionally fair rate allocation with 3) Max—Min Fairness: A particularly interesting allocation

weights given by the window sizes. results from the use of the fair queueing scheduling policy (see
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[19] for its description). We interpret fair queueing in the consiceither link! is not saturated and thg; . are zero for all- > I,
ered fluid system to imply equal rates for all backlogged flowsy it is saturated and then

and lesser rates for nonbacklogged flows. 5
Theorem 3:In the setting of Theorem 1, if at each link A= —Y 0 VoL Cy, rol.
one implements a per-flow fair queueing policy, for any static By,

e

system behavior regime, the corresponding stationary rates are
uniquely defined as the max—min fair shares of the networkEquivalently
resources with upper bounds./T,. on the A, (that is to say,

the A, are the max—min fair rate shares in a network identical B, = A2
to the one under focus where each routgFosses an additional

dedicated access link of capaciBy. /7}.). where

Proof: Consider the conservation equation (5). It ensures 5 \/W 2
that rateX,. cannot exceed®,./T... It also implies that if\,. < 3 7
B,./T,, there necessarily exists some lihke r, such that s = o |

By, > 0. For this link/, it then holds tha} ~ -, A, = C, since
the associated server is nonidling. Because service at each E"{,
. . . i o u
is according to a fair queueing policy, it also holds that when
By, >0\ = max,,ral{)\rr}. B. = \T A2 X
: T r = Ay . ) eR. 11
Summarizing, for alr € R, A, < B,/T,, and\, < B, /T, + %: H ! (11)
implies the existence of soniec » such that

stituting this in the conservation equation (5) yields

Consider now the optimization problem (10). It is easily

checked that the objective function to be minimized is convex
Z Av=C; and A, = Dga>l<{>\rf}~ in the domain\, < B, /T, (note that stationary rates neces-
21 "2 sarily satisfy this constraint) so that the Kuhn—Tucker theorem

. . L applies, allowing the following characterization of the optimal
Equivalently, these static rates are the max—min fair rate sha\rlgﬁ es).:
[ | "

with an upper limit on\,. of B,./T...
Remark 4: When every round-trip timé&’,. is small when B, 1, —0
compared to the associated window siBg, the bandwidth A2 A, Z pe="
limits B,./T,. are ineffective, so that the stationary rates are the
unweighted max—min fair rates. This differs from the situatiowherey, is the multiplier associated with the capacity constraint
encountered in Theorems 1 and 2, where the window sizes havdink /, and is thus nonnegative and necessarily zero if link
a greater impact on the stationary rates, as they translate iistoot saturated. This expression is the same as (11), thus com-
weights. In order to achieve stationary rates which correspoplgting the proof of the theorem. [ |
to the weighted max—min fair allocation, one should implement Remark 5: With negligible round-trip times, the static
weighted fair queueing instead of fair queueing at each link. regime depicted in the previous theorem realizes the minimum
Theorem 3 is closely related to results derived for packetizefl} " B,./A., and is thus the minimum potential sojourn time
streams by Hahne [8]. Whereas Theorem 3 deals only with thkocation, with weights given by window sizes.
characterization of static regimes, conditions are provided in [8],
under which any stationary regime for the system yields as av- IV. RANDOM SEARCH AND DETERMINISTIC
erage rates the max—min fair shares of the network’s capacities. INCREASEDECREASEALGORITHMS
4) Minimum Potential Delay:To realize an allocation min-

L . ) . Consider now a generic stochastic algorithm of the Monte
imizing the sum of the potential delays as considered in Se(?érlo type (see, e.g., [4] for some background on these) where
tion 1I-B-3, we must invent a rather peculiar queueing discipling L

Theorem 4:In the setting of Theorem 1, if at each link Oneroute; individually adjust their sending rate acco_rdmg to the
egolutlon of a random process and the assumed instantaneous

implements per flow queueing with service rate being Shar’Enowledge of whether a proposed increase would lead to the

lr)eestwgr?(;]inqugllj?ermcc?r:?epnotglcmetﬁ ;g?g?]re sr(t)aotgg:soteth% ceocr)-f tﬁgturation of any link on its path. The derived algorithms are
P 9 ' y 9 nqt proposed as a practical network solution. However, as is

system’s behavior, the associated stationary rates are uniqu%x oo . ; . .
) ) N shown in this section, their analysis can be used to gain some
characterized as the solution to the optimization problem . - . . S .
insight into the properties of deterministic algorithms such
as TCP’s additive-increase—multiplicative-decrease conges-

reR

B, tion-avoidance mechanism.
min Z " + 1. log A, (10)
R A. Distributed Random-Search Algorithms
under the usual nonnegativity and capacity constraints, and ilPAssume each route sends data at rate. = é1/,., wherev,
the domain\,. < B,./T,.,r € R. is integer valued and fluctuates between 0 angd,., andé is

Proof. Serving queues in proportion to the square roots af fixed bandwidth unit. The rates. change in a Markovian
the buffer contents ensures that forlalin some static regime, fashion, jumping frorm to n — 1 with rated,,, and fromn to
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n + 1 with rateb,, on condition that this will not lead to ca- {én,.} there exists such am,. The ratio of probabilities
pacity being exceeded at some link. First, consider the auxiliargm, ..., mg)/m(n1, ..., ng) is easily seen to be larger
process where each evolves in a Markovian fashion, jumpingthan
fromn ton — 1 at rated,, and fromn ton + 1 at rateb,,, and

this independently of the link status. Clearly, the individual pro-
cesseg,. are independent and the joint process has a reversible

Nmax

exp Al\lfrnro R Z A]\lfi

measure proportional to the weights =g L
, boby - bn, 1 Thus, whemd tends to infinity, this ratio also tends to infinity. In
n'(n1, ..., nR) = H 7d1 o d, other words, the probability distribution concentrates on the
7 -

max—min fair rate allocation ag — oc.
whereR = [R|. Now, the process under focus is obtained from 4) Minimum Potential Delay:In order to approximate the
this auxiliary process by setting to zero those transition rategnimum potential delay allocation, choose ratgsand d,,
which would lead to a violation of some capacity constraintuch that
Again by standard results for reversible Markov processes, a sta- b, < [1 1 D
= exp| —a

tionary measure for this process is then given by restriatirig

the configurations which do not violate any capacity constraint.
The stationary distribution of the. is thus proportional to the — exp<L) 7 n> 1
measure n(n—1)

n n-—1

boby - bn,—1 (Take, forinstanced,, = 1 andb,, = exp(a/[n(n+1)]) forn >
- = _— 1 . . ! " " \ Y
(i, . nR) 1;[ dy---dp, 1;[ Do oG 1, andd; = 0). The stationary measureis then proportional to

Different bandwidth-sharing objectives can be satisfied by an 1
appropriate choice df, andd,,. eXp <_a Z E) H 12@ on,<Cy
1) Maximum ThroughputA first choice for the parameters R £
b, andd,, is to make them independentofb, = b, d,, = d. and thus concentrates as— oc on the feasible allocations

The measurer then takes the form which minimize the total potential deldy’ 1/ ...
<9> Zn H 1 ) B. Deterministic General-Increase—-General-Decrease
d " LSS Algorithms

Thus, wherb/d becomes large, the stationary distribution con- The above random-search framework allows us to derive
centrates on those rate allocations which maximize the tof@Pre practicadeterministicrate adjustments realizing partic-
throughputy_~; A, ular bandwidth-sharing objectives.

2) Proportional Fairness:A second choice consists in set- 1) Additive Increase—Multiplicative DecreasaVe first de-
ting b, = (n+1)%,n > 0,andd,, = (n—1)%,n > 1, forsome Vise rates such that the stochastic algorithm of the previous sub-

parameter, > 0. The measure then reads section .mimics the a_dditive—in.crealse—mulltiplicative—decrease
mechanism. Our choice consists in settidg = n and
b, = n + «/8, wherew is a positive constant. When upwards
expl a log n,- 1 . S ' . . .
p< ER: 8 ’) 1;[ > 5 =G transitions are feasible, the drift fov,. is constant and equal

to «, producing a linear increase in the absence of saturation.

Thus, when the parameteincreases, the stationary distributiony | o other hand, when upwards transitions are impossible,
concentrates on the rate allocations which maximize the sYgd, qritt at some poin: = né is exactly—z, producing an

of the logarithms of the rates, within the capacity ConStraiméxponential decay during saturation. In the liit— 0, the

"ﬁ" thg distribution concentrates on the proportionally fair "3}Stes evolve continuously in a deterministic fashion according
allocations. . . . ._to this additive-increase—multiplicative-decrease mechanism.
3) Max—Min Fairness:In order to approximate max—min Consider two feasible rate vectars= {x,} = {6n,} and

fair rate sharing, we seleéf, andd,, such that for alln > 1, _ _ - : .

b 1/ — ex ?A,w_n) whereA and M are two positive pa- y= {y,:]_» = {6m,.}. We mve_stlgate_the ratm)(a:)/w(y)_ of the
n—1/0n = €XP " Moy probabilities of each vector in the limft— 0. It is easily seen
rameters. We could, for instance, $gt= exp(A™~"7") and 4+ this ratio equals

d, = 1. We then have
(zr+a)/6—1 (yrta)/6—1

(N1, ..., NR) X exp(Z i AM_i> H 12 S, <Cy- €Xp Z Z logj — Z log j
R =1 ‘ vt T R j=»-/64+1 J=yr/6+1

Assume now thad/ has been chosen sufficiently large so thatthe value of this expression is not changed on aditiag to

for any feasible rate allocatiofwn,., M > n,. Consider two each termog j of both sums, which may then be recognized as
feasible allocationgén..}and {ém.}, such that for someys, Riemann sums. The exponent is thus equivalent to

n., < m,,,and for any other, eithern,. < m, orm, > n,,. .
In view of the definition of max—min fairness, iém,} is 1 Z/

the max—min fair rate allocation, for any other rate allocation 6 = Ja,

rta Yrto
log xdx — / log zdzx.

Yr
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In the limit 6 — 0, the distribution 7 thus concen- new increase—decrease mechanisms with prespecified equilib-
trates on the feasible rate configuration which maximizegim properties. Let us illustrate this by devising functighs
>R f;’:J’a logzdz. We may conclude that, for smallk, andg so that the associated equilibrium points minimize the
this configuration is close to the proportionally fair rate altotal potential sojourntim@_ 1/A,.. The corresponding and
location, because the objective function is then equivalent §ashould be such th;?ﬁ)A log[(f(u) + g(u))/g(w)] du = —1/u.
« ER log z,.. These arguments add support to the belief thmifferentiating, we should therefore set
additive-increase—multiplicative-decrease algorithms realize a
proportionally fair rate sharing, as has already been advanced f(w) + g(u) = g(uw) exp<i2> . (13)
by Kelly et al.[14], using a different approach. u

2) General Increase-General Decreas€onsider now the There is a minor difficulty here: for suclf and g the corre-
following deterministic control policy: rate\, increases at sponding integral diverges at zero. However, it is easy to extend
speedf.(\.) in the absence of congestion and decreasesTdeorem 5 to the case where soluel( f,- () + g, (1)) /gr(u)]
speedg,(A) under congestion. The previous paragraph deddils to be integrable at zero, the result then being that
with the casef,(x) = « andg,(z) = x. Applying the same the function maximized at equilibrium has the derivative
method yields the following result. Sx log[(fr(w) + g-(1))/gr(w)].

Theorem 5:The deterministic congestion-avoidance algo- Returning to (13), if we want to keep the multiplicative de-

rithm with increase and decrease functighsandg,. for route crease half of the TCP congestion-avoidance mechanism, we
r, r € R, has equilibrium points at those rate allocations #aveg(u) = u, and thus
which the function

ER: /OAT log W du (12) flu) = U<6Xp<%> - 1) .

9:(u) For large values ofi, we havef(u) ~ 1/w. Assuming that
is maximal. to setf(w) = 1/u instead of the above does not significantly
Proof. Approximate this deterministic system behaviochange the system equilibrium, the following statement makes
by that of the stochastic algorithm of the previous subsectigggnse: “logarithmic-increase—multiplicative-decrease mech-
whereA,. jumps fromén to 6(n+1) atrate( f,.(én)+g.(6n))/6 anisms lead to rate shares that minimize the total potential
in the absence of congestion, and jumps frémto 6(n — 1) delay.” Logarithmic increase could be realized by increasing
at rateg,.(6n)/6. When ¢ tends to zero, the behavior of thisthe window size on route as follows: just after the window
system is the same as that of the deterministic system undeze has been increasedrtgackets, wait 2 time units before
focus. Let us investigate the limiting behavior of the stationaigicreasing it ton + 1. An implementation closer to the current
distribution 7 as 6 goes to zero. Given two feasible ratecongestion-avoidance algorithm of TCP would be to increase

allocations{\..}, {1+-}, we have the window sizeW by 1/W? upon each acknowledgment
reception.
() P81 fr(6n) + gr(6n) One might wonder whether for appropriately chosen increase
) P Z Z: log 9. (6n) and decrease functiorfsandg the objective function is maxi-
Roon=t mized at the max—min fair rate allocation. It turns out that there
2V (60) + g,(6n) do not exist functions which guarantee this property to hold for
- Z log ==——="—|. an arbitrary network configuration.
— g-(6n)
As § — 0, recognizing Riemann sums in the exponent in the V. CONCLUSION
right-hand side, the latter is equivalent to The way network bandwidth is shared between contending
A, flows has a significant impact on user-perceived performance.
1 Z / log M du We have considered a variety of bandwidth-sharing objectives
6 = e gr(u) including max—min fairness, proportional fairness, and overall

o . delay minimization. In the current work, we have concentrated
SO _that the d;;strlbutlom concentrates on tho_se allqcatlons fOBn the protocols and distributed algorithms used to realize these
which 3>z Jo " 1og[(fr(u) + g-(1))/g-(w)] du is maximal and objectives for a given set of flows each having a fixed network
the result of the theorem follows. r _

Remark 6:1f the objective function has a unique global Thg gigorithms currently used in data networks generally aim
maximum in the domain of admissible rate allocations anf realize max—min fair sharing, although precision in realizing
no other local maximum, one would expect the deterministifis objective is often sacrificed in the interest of simplicity.
increase—decrease algorithm to converge indeed to that m&iere is evidence that classical congestion-indication algo-
mizing point. However if there are multiple local maxima, it igithms based on additive-increase—multiplicative-decrease tend
likely that the deterministic mechanism will get trapped in any produce allocations which are proportionally fair rather than
such local maximum. max-—min fair. We have illustrated through a simple example

Theorem 5 may be used either to gain insight into the natusew proportional fairness tends to produce smaller allocations
of the equilibria achieved by existing increase—decrease meoh- routes using a large number of hops to the advantage of
anisms, as in the previous paragraph, or conversely to desigeater overall throughput. Minimizing potential delay as a
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sharing objective provides an intermediate solution between7] S.Floyd and K. Fall, “Router mechanisms to support end-to-end conges-

max-—min and proportional fairness, penalizing long routes less ﬁonhcoé‘”o'f'l'ég"?vrence Berkeley National Laboratory, Berkeley, CA,
ech. Rep., .

SeverEIy than the latter. . ) ) [8] E. Hahne, “Round-robin scheduling for max—min fairness in data net-

We have demonstrated that a simple fixed-window flow con- ~ works,” [EEE J. Select. Areas Commugol. 9, pp. 1024-1039, Sept.

i ; i i 1991.
tr.OI prpduces dlﬁere.nt sharlngs dependlng on the SChedl'llmg[Q] E. J. Hernandez-Valencia, L. Benmohamed, S. Chong, and R. Na-
discipline empl_OVEd In netVVOrk nOdes- For exa_mple,_FIFO t(_ands garajan, “Rate control algorithms for the ATM ABR servicétr.
to produce weighted proportional fairness, with weights given  Trans. Telecommujwol. 8, pp. 7-20, 1997. _
by the respective window sizes, while fair queueing leads natu20) P: Hurley, J. Y. Leboudec, and P. Thiran, “A note on the faimess of ad-

. . ditive increase and multiplicative decrease,Froc. ITC 16 1999, pp.
rally to max—min fairness. 467—478.
We have approached the problem of designing a distributef1] %SJacobgtlng,éggngestion avoidance and control Piac. SIGCOMM
. .. . . . . ’ ’pp —_ .
aIgonthr_n reallzmg agwen Sha”ng ObJeCt,lve throth the St!*d 12] R. Johari and D. Tan, “End-to-end congestion control for the Internet:
of a family of so-called Monte Carlo algorithms. The rate of in- Delays and stability,”IEEE/ACM Trans. Networkingvol. 9, pp.
dividual flows varies randomly and independently of the rate of13] gli—?lc%z“gﬁc. 2001. 4 rat ol for elastic tafficEur T
e e . H . Kelly, arging anda rate control tor elastic trafficizur. Irans.
other flows, except forth(_a_condmon that transitions to infeasiblé Telecommunyol. 8, pp. 33-37, 1997.
states (where link capacities would be exceeded) are barred. By] F. Kelly, A. Maulloo, and D. Tan, “Rate control for communication net-
appropriately choosing transition probabilities, it is possible to \éVOFKSi |3h4f=19<10W Dggségzopfgfggﬂal fairness and stabilltyDper. Res.
ensure that the random process concentrates on the rate allogg s 4. ow and b. £, Lapsiey, “Optimization flow control: Part I—Basic
tion that realizes the required sharing objective. More practical ~ algorithms and convergencéEZEE/ACM Trans. Networkingol. 7, pp.
algorithms are derived as deterministic limits of the stochastic__ 861875, Dec. 1999. o . .

. .. . 16] L. Massoulié, “Stability of distributed congestion control with hetero-
processes. In particular, it is shown by this means that the addi-" geneous feedback delaysEEE Trans. Automat. Contrvol. 47, pp.
tive-increase—multiplicative-decrease algorithm tends to realize  895-902, June 2002.

i i i i 7] L. Massoulié and J. Roberts, “Bandwidth sharing and admission control
proportional sharing, as already shown in [14]. In fact, as in thé!7] £ Masso. traffic,” Telecommun. Systol. 15, pp. 185201, 2000.
ClFeC.I work, the Sharmg ObJeC“VE’_ IS reahzeq under the (unrepig) 3. H. Mo and J. Walrand, “Fair end-to-end window-based congestion
alistic) assumptions that rate adjustments in response to con- contral,”IEEE/ACM Trans. Networkingol. 8, pp. 556-567, Oct. 2000.
gestion signals are immediate and that the multiplicative delt®! A. K. Parekh and R. G. Gallager, *A generalized processor sharing ap-
. . . proach to flow control in intergrated services networks: The single-node
crease factor tends to one (i.e., rate fluctuations occur in a very  case,"\EEE/ACM Trans. Networking/ol. 1, pp. 344357, June 1993.
limited neighborhood of the congested state). A more realisti¢20] IV][ \g)cjinqviq, J. Y. Leboc;Jdec,I _a?d C. Bdoutremans,_‘;?lr?bal fairness
tivali - inli AL of additive-increase and multiplicative-decrease wit eterogeneous
additive-increase—multiplicative-decrease protocol has recently round-trip_times.” in Proc, IEEE INFOCOM 2000 vol. 3, pp.
been analyzed by Hurlest al.[10], [20] and shown to produce 1303-1312.
bandwidth sharing intermediate between max—min and propor-
tional fairness. Other recent works [12], [16] analyze the dy-
namics of rate-control algorithms, and in particular the impa -
of round-trip delays on their convergence properties.

To complete the study of how bandwidth-sharing algorithrr
affect user-perceived performance, it is necessary to consi
the impact of random changes in the number of flows i
progress. Indeed, the bandwidth-sharing algorithm has its o
impact on this number since the transfer time of a given flo
(i.e., a given document) clearly depends on the rate allocate
it. Preliminary investigations on the throughput performance of
bandwidth-sharing algorithms are reported in [17], [3]. In this
context, the natural rate-sharing objective would be to minimize
the number of transfers in progress, and thus, by Little’s la
minimize the mean transfer time. This is the motivation behir
the potential delay-minimization bandwidth sharing introduce

here.
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