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Abstract. We study a Liquid Democracy framework where voters can
express preferences in an approval form, regarding being represented by
a subset of voters, casting a ballot themselves, or abstaining from the
election. We examine, from a computational perspective, the problems of
minimizing (resp. maximizing) the number of dissatisfied (resp. satisfied)
voters. We first show that these problems are intractable even when
each voter approves only a small subset of other voters. On the positive
side, we establish constant factor approximation algorithms for that case,
and exact algorithms under bounded treewidth of a convenient graph-
theoretic representation, even when certain secondary objectives are also
present. The results related to the treewidth are based on the powerful
methodology of expressing graph properties via Monadic Second Order
logic. We believe that this approach can turn out to be fruitful for other
graph related questions that appear in Computational Social Choice.

1 Introduction

Liquid Democracy (LD) is a voting paradigm that has emerged as a flexible
model for enhancing engagement in decision-making. The main idea in LD mod-
els is that a voter can choose either to vote herself or to delegate to another
voter that she trusts to be more knowledgeable or reliable on the topic under
consideration. A delegation under LD, is a transitive action, meaning that the
voter not only transfers her own vote but also the voting power that has been
delegated to her by others. Experimentations and real deployments have already
taken place using platforms that support decision-making under Liquid Democ-
racy. One of the first such systems that was put to real use was Župa, intended
for a student union for the University of Novo Mesto in Slovenia. Another ex-
ample is LiquidFeedback that was used by the German Pirate party (among
others). Other political parties (such as the Flux Party in Australia) or regional
organisations have also attempted to use or experiment with LD, leading to a
growing practical appeal. Even further examples include the experiment run by
Google via Google Votes, as well as Civicracy and, the more recently developed,
Sovereign. We refer to [23] for an informative survey on these systems.

The interest generated by these attempts, has also led to theoretical studies
on relevant voting models and has enriched the research agenda of the commu-
nity. The goals of these works have been to provide more rigorous foundations
and highlight the advantages and the negative aspects of LD models. Starting
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with the positive side, LD definitely has the potential to incentivize civic par-
ticipation, both for expert voters on a certain topic, but also for users who feel
less confident and can delegate to some other trusted voter. At the same time,
it also forms a flexible means of participation, since there are no restrictions
for physical presence, and usually there is also an option of instant recall of a
delegation, whenever a voter no longer feels well represented.

Coming to the critique that has been made on LD, an issue that can be-
come worrying is the formation of large delegation paths. Such paths tend to be
undesirable since a voter who gets to cast a ballot may have a rather different
opinion with the first voters of the path, who are being represented by her [16].
Secondly, LD faces the risk of having users accumulating excessive voting power,
if no control action is taken [5]. Furthermore, another undesirable phenomenon
is the creation of delegation cycles, which could result to a waste of participation
for the involved voters. Despite the criticism, LD is still a young and promising
field, for promoting novel methods of participation and decision-making, gen-
erating an increasing interest in the community. We therefore feel that several
aspects have not yet been thoroughly studied, and new models and ideas are
worth further investigation. Such efforts can help both in tackling some of the
existing criticism but also in identifying additional inherent problems.

Contribution. We focus on a model, where voters can have approval-based
preferences on the available actions. Each voter can have a set of approved dele-
gations, and may also approve voting herself or even abstaining. Our main goal is
the study of centralized algorithms for optimizing the overall satisfaction of the
voters. For this objective, under our model, it turns out that it suffices to focus
only on delegations to actual voters (i.e., delegation paths of unit length). Even
with this simpler solution space, the problems we study turn out to be compu-
tationally hard. In Section 3, we start with the natural problem of minimizing
the number of dissatisfied voters, where we establish a connection with clas-
sic combinatorial optimization problems, such as set cover and dominating
set. we present approximation preserving reductions which allow us to obtain
almost tight approximability and hardness results. The main conclusion from
these is that one can have a small constant factor approximation when each
voter approves a small number of possible representatives. A constant factor
approximation can also be obtained for the variant of maximizing the number
of satisfied voters, through a different approach of modeling this as a constraint
satisfaction problem. Moving on, in Section 4, we consider the design of exact
algorithms for the same problems. Our major highlight is the use of a logic-based
technique, where it suffices to express properties by formulas in Monadic Second
Order logic. In a nutshell, this approach yields an FPT algorithm, whenever
the treewidth of an appropriate graph-theoretic representation of our problem
is constant. Under the same restriction, polynomial time algorithms also exist
when adding certain secondary objectives on top of minimizing (resp. maximiz-
ing) dissatisfaction (resp. satisfaction). To our knowledge, this framework has
not received much attention in the social choice community and we expect that
it could have further applicability for related problems.
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1.1 Related Work

To position our work with respect to existing literature, we note that the works
most related to ours are [15] and [12]. In terms of the model, we are mostly based
on [15], which studies centralized algorithms and where voters specify possible
delegations in an approval format. Coming to the differences, their model does
not allow abstainers (which we do), but more importantly, [15] studies a different
objective and no notion of satisfaction needs to be introduced (in Section 4 we
also examine a related question). Our main optimization criteria are inspired
mostly by [12], which among others, tries to quantify voters’ dissatisfaction.
Our differences with [12] is that they have voters with rank-based preferences
and their optimization is w.r.t. equilibrium profiles and not over all possible
delegations (in Section 5, we also provide a game-theoretic direction with some
initial findings). We note also that these works, like ours, are agnostic to the final
election outcome (preferences are w.r.t. delegations and not on actual votes).

More generally, the LD-related literature within computational social choice
concerns (i) comparisons with direct democracy models, (ii) game-theoretic sta-
bility of delegations, (iii) axiomatic approaches. Concerning the first topic, lo-
cal delegation mechanisms, under which every voter independently is making a
choice, have been explored in [18,8]. For the second direction, one can view an
LD framework as a game in which the voters can make a choice according to
some given preference profile. Such games have been considered in [12,13]. At
the same time, game-theoretic aspects have also been studied in [4] and, for the
case of weighted delegations, in [27]. Concerning the third direction, a range of
delegation schemes have been proposed to avoid delegation cycles [19], accumu-
lation of high power in the election procedure [15] and existence of inconsistent
outcomes [9]. Related paradigms to LD have also been considered, e.g. in [1,7,10].

2 Preliminaries

2.1 Approval Single-Step Liquid Model

We denote by V = {1, . . . , n} the set of agents who participate in the election
process and we will refer to all members of V as voters (even though some of
them may eventually not vote themselves). In the suggested model, which we
refer to as Approval Single-Step Liquid model (assl), each voter i ∈ V needs
to express her preferences, in an approval-based format, on the options of (i)
casting a ballot herself, (ii) abstaining from the election, (iii) delegating her
vote to voter j ∈ V \{i}. Namely, a voter may approve any combination of

– casting a ballot herself. We let C denote the set of all such voters.
– abstaining from the voting procedure (e.g., because she feels not well-informed

on the topic). We let A denote the set of all such voters.
– delegating her vote to some other voter she trusts. For every v ∈ V , we

denote by N(v) the set of approved delegatees of v.
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Note that we place no restriction on whether a voter accepts one or more
of the above options (or even none of them). Hence, in a given instance it may
be true that C ∩ A 6= ∅ or that C ∪ A = ∅ or that v ∈ C and at the same
time N(v) 6= ∅, etc. It is often natural and convenient to think of a graph-
theoretic representation of the approved delegations. Hence, for every instance,
we associate a directed graph G = (V,E), such that N(v) is the set of out-
neighbors of v, i.e., deg+(v) = |N(v)|, where deg+(v) is the out-degree of v. This
will be particularly useful in Section 4.

Let a delegation function d : V → V ∪ {⊥} express the final decision for
each voter. We say that d(v) = v, if voter v votes, d(v) = ⊥ if she abstains, and
d(v) = u ∈ N(v), if she delegates to voter u. Given a delegation function d(·),
we refer to a voter who casts a ballot as a guru. The guru of a voter v ∈ V ,
denoted by gu(v), can be found by following the successive delegations, as given
by a delegation function d(·), starting from v until reaching a guru (if possible).
Formally, gu(v) = u if there exists a sequence of voters u1, . . . , u` such that
d(uk) = uk+1 for every k ∈ {1, 2, . . . , ` − 1}, u1 = v, u` = u and d(u) = u.
Obviously, gu(v) = v if v votes. In case the delegation path starting from v ends
up in a voter u for which d(u) = ⊥ then we say that v does not have a guru
and we set gu(v) = ∞. Additionally, we do the same for the case where the
successive delegations starting from some voter v form or end up in a cycle.

We say that a voter v is satisfied with the delegation function d(·) if v ap-
proves the outcome regarding her participation or her representation by another
guru-voter. This means that either d(v) = v and v ∈ C or that d(v) = ⊥ and
v ∈ A or that d(v) = u, with u 6= v, u 6= ⊥ and gu(u) ∈ N(v). In all other cases,
the voter is dissatisfied. Our work mainly deals with the problem of finding
centralized mechanisms for the following computational problems:

minimum social cost (min-sc)/maximum social good (max-sg)

Given: An instance of assl, i.e., the approval preferences of n voters regarding
their intention to vote, abstain and delegate.

Output: A delegation function that minimizes the number of dissatisfied vot-
ers/maximizes the number of satisfied voters.

2.2 Warm-up Observations

We start with some observations that will help us tackle the algorithmic problems
under consideration. Given an instance of assl, let G be the corresponding
graph with the approved delegations, as described in the previous subsection. A
delegation function d(·), induces a subgraph of G that we denote by G(d), so that
(u, v) is an edge in G(d) if and only if d(u) = v. Clearly, the out-degree of every
vertex in G(d) is at most one and thus it can contain isolated vertices, directed
trees oriented towards the gurus, but in general it can also contain cycles, the
presence of which can only deteriorate the solution. The next claim shows that
we can significantly reduce our solution space. Its proof together with any other
missing proof are deferred to the full version of the work.
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Claim 1 . Consider a solution given by a delegation function d(·). There always
exists a solution d′(·) which is at least as good (i.e., the number of satisfied
voters is at least as high) as d(·), so that G(d′) is a collection of disjoint directed
(towards the central vertex) stars, and voters that abstain form isolated vertices.

Claim 1 justifies the name assl. One may discern similarities with proxy
voting models (see e.g. [2]), under which every voter is being represented by
her delegator, since no transitivity of votes is taken into account. Nevertheless,
we still like to think of our model as a Liquid Democracy variant, because it
is precisely the objectives that we study together with the centralized approach
that enforce Claim 1. When discussing decentralized scenarios or game-theoretic
questions (as we do in Section 5), longer delegation paths may also appear.

The next claim shows that for certain voters, we can a priori determine their
action, when looking for an optimal solution and that we can be sure about the
action of any voter who is dissatisfied under a given delegation function.

Claim 2 . Consider a solution given by a delegation function d(·). There always
exists a solution which is at least as good (i.e., the number of satisfied voters is
at least as high) as d(·), in which (i) every voter in C casts a ballot and (ii) if
any voter is dissatisfied, it is because she is casting a ballot without approving it.

Claim 2 takes care of voters in C. We cannot state something similar for the
rest of the voters, since it might be socially better to dissatisfy a certain voter by
asking her to cast a ballot so as to make other people (pointing to her) satisfied.
In practice, this can also occur in cases where voting may be costly (in time or
effort to become more informed) and one member of a community may need to
act in favor of the common good, outweighing her cost.

3 Approximation Algorithms and Hardness Results

In this section we will mainly focus on min-sc, but we will also examine max-sg
in Section 3.2 and further related questions in Section 3.3. We pay particular
attention to instances where every voter approves only a constant number of
other voters, i.e., ∆ = maxv |N(v)| = O(1). We find this to be a realistic case, as
it is rather expected that voters cannot easily trust a big subset of the electorate.

3.1 Social Cost Minimization

We start by showing that the problem is intractable even when each voter ap-
proves at most 2 other voters. In fact, we show that our problem encodes a
directed version of the dominating set problem, hence, beyond NP-hardness,
we also inherit known results concerning hardness of approximation.

Theorem 1. Let ∆ = maxv∈V |N(v)| ≥ 2. When ∆ is constant, it is NP-
hard to approximate min-sc with a ratio smaller than max{1.36, ∆ − 1}. For
general instances, it is NP-hard to achieve an approximation better than lnn−
Θ(1) ln lnn.
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Since hardness results have been established for ∆ ≥ 2, it is natural to
question whether an optimal algorithm could be found for the case of ∆ ≤ 1.
This scenario is far from unexciting. Consider for instance a spatial model where
voters are represented by points in some Euclidean space, interpreted as opinions
on the outcomes of some issues. If each voter approves for delegation only the
nearest located voter to her, we have precisely that ∆ = 1. The following theorem
provides an affirmative answer in the above stated question (its proof is actually
a direct Corollary of Theorem 5 from Section 4).

Theorem 2. When ∆ ≤ 1, min-sc can be solved in polynomial time.

For higher values of ∆, we can only hope for approximation algorithms. As we
show next, we complement Theorem 1 with asymptotically tight approximation
guarantees by reducing min-sc to the set cover problem.

Theorem 3. Let ∆ = maxv∈V |N(v)| ≥ 2. When ∆ is constant there is a poly-
nomial time algorithm for min-sc with a constant approximation ratio of (∆+1).
For general instances, the problem is (lnn− ln lnn+Θ(1))-approximable.

Proof. We will present a reduction that preserves approximability to the set
cover problem. In an unweighted set cover instance, we are given a universe
U and a collection F of subsets of U , and ask to find a cover of the universe
with the minimum possible number of sets from F . From an instance I of min-
sc we create an instance I ′ of set cover as follows: We create a universe of
elements U by adding one element for every voter, except for certain voters for
which there is no such need. In particular, U contains one element for every
v ∈ V \ (C ∪A∪ {u : ∃u′ ∈ N(u)∩C}). This means that in U we have excluded
voters who can be satisfied without delegating to someone else as well as voters
who can be satisfied by delegating to members of C (observe that because of
Claim 2 (part (i)), all voters of C will be assigned to vote). Furthermore, to
describe the collection F of sets in I ′, for every voter v ∈ V \ C we add the set
Sv = U ∩ ({u : v ∈ N(u)} ∪ {v}). If some Sv turns out to be the empty set, it
can be simply disregarded (e.g. for a voter v with N(v) ∩ C 6= ∅).

Lemma 1. Let OPT (I), OPT (I ′) be the costs of the optimal solutions in the
instances I and I ′ respectively. Then OPT (I ′) ≤ OPT (I).

Proof of Lemma 1. Let there be k dissatisfied voters in the optimal solution of
the min-sc instance I. By making use of Claim 2, we can assume that these are
members of V \ C who are assigned to cast a ballot. Hence, for a dissatisfied
voter v there exists a corresponding set Sv in I ′. We will argue that by selecting
these k sets that correspond to dissatisfied voters, we have a feasible solution for
the set cover problem. Towards contradiction, assume that there is an element
in I ′ that has not been covered by any of these sets. Because of the definition
of U , there must exist a voter v in I who corresponds to that element and who
only accepts to delegate to some voters who are not in C, i.e., each u ∈ N(v) has
a corresponding set Su in F since u ∈ V \ C. Moreover, v should be satisfied in
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I, otherwise the set Sv would have been selected in the solution we constructed
for I ′ and v would have been covered. Therefore, at least one of her approved
voters, say u, is a guru, and the set Su covers v, which is a contradiction. �

Lemma 2. Given a feasible solution with cost SOL(I ′) of the produced instance
I ′, we can create a feasible solution of I, with cost SOL(I) ≤ SOL(I ′).

Proof of Lemma 2. Say that we are given a solution for I ′ with cost SOL(I ′) = k,
which means that by selecting a number of k sets, it is possible to cover every
element of U . Consider a delegation function d(·) which asks every voter from
V \ C whose corresponding set has been selected in the cover, to cast a ballot.
Following Claim 2, it also asks every voter from C to cast a ballot. From these,
only the former k voters are dissatisfied, who vote but do not belong to C. We
will argue that we can make all the remaining voters satisfied and hence we will
have a solution with k dissatisfied voters.

Consider a voter v ∈ V \C, whose set Sv was not included in the set cover
solution. If v ∈ A, then v is assigned to abstain and she is satisfied. So, suppose
that v ∈ V \ (A ∪ C) and also that N(v) 6= ∅ (otherwise, with N(v) = ∅, then
Sv would have been selected in the cover). There are now two cases to consider:

Case 1: N(v)∩C 6= ∅. Then v can delegate to a member of C and be satisfied.
Case 2: N(v) ∩ C = ∅. Then by the construction of the universe U , we have

that v ∈ U . Since we have selected a cover for U , v is covered by some set.
Additionally, we have assumed that Sv was not picked in the cover, hence v is
covered by some other set, say Su, which means that u is a voter who is assigned
to cast a vote and v ∈ Su. But then v can delegate to u and be satisfied. �

By combining Lemma 1 and Lemma 2, we have that if we run any α-
approximation algorithm for the set cover instance I ′, we can find a solution
for the min-sc instance I, with the same guarantee since SOL(I) ≤ SOL(I ′) ≤
αOPT (I ′) ≤ αOPT (I). Recall that there exists a well known f -approximation
algorithm for set cover, where f is the maximum number of sets that con-
tain any element. Note also that in our construction, each element of I ′ that
corresponds to a voter v of I, belongs to at most |N(v)| + 1 sets. This directly
yields a (∆ + 1)-approximation for our problem. Alternatively, when ∆ is not
bounded, we can use the best currently known approximation algorithm for the
set cover problem, presented in [25], to obtain the desired result. �

3.2 Social Good Maximization

In all voting problems that involve a notion of dissatisfaction, one can study ei-
ther minimization of dissatisfactions or maximization of satisfactions. The min-
imization version is slightly more popular, see e.g., [12] (also, in approval voting
elections, it is more common to minimize the sum of distances from the optimal
solution than to maximize the satisfaction score). Clearly, for assl, if we can
solve optimally min-sc, the same holds for max-sg. The problems however can
differ on their approximability properties.
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Looking back on our findings for min-sc, we note that the results from The-
orem 1 immediately yield NP-hardness for max-sg. The hardness of approxima-
tion however does not transfer. The result of Theorem 2 also applies.

Corollary 1. Let ∆ = maxv∈V |N(v)|. Then max-sg is NP-hard even when
∆ = 2, and it is efficiently solvable when ∆ ≤ 1.

Next, we also provide a constant factor approximation for constant ∆, albeit
with a worse constant than the results for min-sc. The main insight for the
next theorem is that we can exploit results from the rich domain of Constraint
Satisfaction Problems (csps) and model max-sg as such.

Theorem 4. Let ∆ = maxv∈V |N(v)| ≥ 2. When ∆ is constant there is a poly-
nomial time algorithm for max-sg with an approximation ratio of 1

(∆+2)∆+2 .

We leave as an open problem the question of whether there exist better
approximations or whether one can establish hardness of approximation results.

3.3 Further Implications: Instances with Bounded Social Cost

We conclude this section by discussing some implications that can be derived
by the reductions presented in Section 3.1, on relevant questions to min-sc.
Let us start with the special case where the optimal cost of an instance I is
zero, i.e., it is possible to satisfy all voters. Can we have an algorithm that
detects this? It would be ideal to compute a delegation function that does not
cause any dissatisfactions, and this is indeed possible. If OPT (I) = 0, then
any approximation algorithm for min-sc of finite ratio will necessarily return an
optimal solution. If OPT (I) > 0, the approximation algorithm will also return
a positive cost. Hence, by using Theorem 3 we have the following:

Corollary 2. Given an instance of assl, there exists a polynomial time algo-
rithm that decides if it is possible to satisfy all voters, in which case it can also
construct an optimal delegation function.

Taking it a step further, suppose now we ask: Given an instance I, is it true
that OPT (I) ≤ k, for some positive constant k? This time, we can construct a
set cover instance I ′ using the reduction presented in the proof of Theorem 3,
and then we can enumerate all possible collections of subsets of size at most k. If
a solution is found, it corresponds to a set of at most k dissatisfied voters. Hence,
we can solve the problem in time nO(k). But now we can question whether there
is hope for a substantially better running time. To answer this, we exploit the
reduction used in Theorem 1 from Directed Dominating Set. In particular,
it is known by [14] that dominating set is W [2]-hard when parameterized
by the solution cost, even in graphs of bounded average degree. Given that
the directed version of dominating set inherits the hardness results of the
undirected version in combination with the proof of Theorem 1, we get:

Corollary 3. Unless W [2] = FPT , min-sc cannot be solved in time f(k)nO(1)

even for the case where ∆ is constant, where f(k) is a computable function
depending only on the minimum possible number k of dissatisfied voters.
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4 Exact Algorithms via Monadic Second Order Logic

The goal of this section is to focus on special cases that admit exact polynomial
time algorithms. Our major highlight is the use of a logic-based technique for
obtaining such algorithms. To our knowledge, this framework has not received
much attention (if at all) from the computational social choice community de-
spite its wide applicability on graph-theoretic problems. We therefore expect
that this has the potential of further deployments for other related problems.

4.1 Optimization under Bounded Treewidth

The general methodology involves the use of an algorithmic meta-theorem (for
related surveys see [17] and [21]) to check the satisfiability of a formula that
expresses a graph property, defined over an input graph of bounded treewidth.
Roughly speaking, the treewidth is a graph parameter that indicates the “tree-
likeness” of a graph. It was introduced independently by various authors mainly
for undirected graphs (see [24] for an extended exposition of the origin of the
notion) but its definition and intuition can be extended to directed graphs as
well [3]. In our case, we will require bounded treewidth for the directed graph
associated to an instance of assl.

The approach presented here was initiated by Courcelle [11], who used Monadic
Second Order (MSO) logic to define graph properties. These, typically ask for
some set of vertices or edges subject to certain constraints. For expressing a
property in MSO, we can make use of variables for edges, vertices as well as for
subsets of them. Apart from the variables, we can also have the usual1 boolean
connectives ¬,∧,∨,⇒, quantifiers ∀,∃, and the membership operator ∈. The
resulting running time for deciding properties expressible in MSO turns out to
be exponentially dependent on the treewidth and the size of the formula.

After Courcelle’s theorem, there have been several works that extend the al-
gorithmic implications of MSO logic. Most importantly, and most relevant to us,
the framework of [3] can handle some types of optimization problems. Consider
a formula φ(X1, . . . , Xr) in MSO, having X1, . . . , Xr as free set variables, so that
a property is true if there exists an assignment to the free variables that make
φ satisfied. Then, we can optimize a weighted sum over elements that belong to
any such set variable, subject to the formula φ being true (one needs to be care-
ful though as the weights are taken in unary form). A representative example
presented in [3] (see Theorem 3.6 therein for a wide variety of tractable problems
w.r.t. treewidth) is minimum dominating set in which we want to minimize
|X| subject to a formula that enforces the set X to be a dominating set.

We note that the results we use here require to have a representation of the
tree decomposition of the input graph. But even if this is not readily available,
its computation is in FPT w.r.t. the treewidth [6].

1 For ease of presentation, we will also use some set operations that although they are
not explicitly allowed, they can be easily replaced by equivalent MSO expressions.
For instance, x /∈ A \B ≡ ¬((x ∈ A) ∧ ¬(x ∈ B)) and A ⊆ B ≡ (∀x ∈ A⇒ x ∈ B).
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Our first result in this section shows that min-sc and max-sg are tractable
when the treewidth of the associated graph is constant.

Theorem 5. Consider an instance of assl, and let G be its corresponding
graph. Then min-sc and max-sg are in FPT w.r.t. the treewidth of G.

Proof. It suffices to solve min-sc since this yields an optimal solution to max-
sg as well. In order to apply a framework of MSO logic, we first make a small
modification to the graph G. We add a special vertex denoted by a and we add
a directed edge (v, a) for every v for which v ∈ A. In this manner, abstainers will
be encoded by “delegating” their vote to a. Let G′ = (V ′, E′) be the resulting
graph, where V ′ = V ∪{a} and E′ = E∪{(v, a) : v ∈ A}. We observe that these
additions do not affect the boundedness of the treewidth.

Lemma 3. If G has bounded treewidth, so does G′.

We will create an MSO formula φ(D,X) with 2 free variables, D and X,
encoding an edge-set and a vertex set respectively. The rationale is that φ(D,X)
becomes true when the edges of D encode a delegation function and X denotes
the set of voters who are dissatisfied by the delegations of D. To write the
formula, we also exploit the fact that the framework of [3] allows the use of a
constant number of “distinguished” sets so that we can quantify over them as
well (apart from quantification over V ′ and E′). We will use V , along with C
and A (of voters who approve casting a ballot or abstaining respectively), as
these special sets here. To proceed, φ(D,X) is the following formula:

D ⊆ E′ ∧X ⊆ V \ C ∧
(∀v ∈ V ′ (deg+D(v) ≤ 1)) ∧ (∀u, v, w ∈ V ′((u, v) ∈ D ⇒ (v, w) 6∈ D))∧
(∀v ∈ C (deg+D(v) = 0)) ∧
(∀v ∈ V (v ∈ X ⇔ (deg+D(v) = 0 ∧ v /∈ C)))

The term deg+D(v) = 0 can be expressed in MSO logic in a similar way to the
more general term of deg+D(v) ≤ 1, which we define formally as

deg+D(v) ≤ 1 ≡ (∃u ∈ V ′ (v, u) ∈ D)⇒ ¬(∃w ∈ V ′ ((v, w) ∈ D ∧ w 6= u)).

Concerning the construction of φ(D,X), the second line expresses the fact
that D is a union of disjoint directed stars so as to enforce Claim 1. Anyone with
out-degree equal to one within D either delegates to some other voter or abstains
(i.e. delegates to vertex a), whereas those with out-degree equal to zero in D
cast a vote themselves. The third line of φ(D,X) also enforces Claim 2 (part (i))
so that members of C always cast a vote. The fourth line expresses the fact that
the vertices of X are dissatisfied voters. By Claim 2 (part (ii)), the only way to
make a voter v dissatisfied is by asking her to cast a ballot when v 6∈ C. Indeed,
voters who are not asked to cast a ballot, have out-degree equal to one in D, so
they either abstain or delegate. This means that either (v, a) ∈ D or (v, u) ∈ D
for some u ∈ V . In the former case, v is satisfied because v ∈ A (if v 6∈ A then



An Approval-Based Model for Single-Step Liquid Democracy 11

the edge (v, a) would not exist in E′ and could not have been selected in D). In
the latter case, v approves u (otherwise the edge (v, u) would not exist) and u
casts a vote since D contains only stars. Hence v is again satisfied.

The final step is to perform optimization w.r.t. |X| subject to φ(D,X) being
true. To that end, we can assign a weight w(v) to every vertex v such that
w(a) = 0 and w(v) = 1,∀v ∈ V ′ \{a}. Hence

∑
v∈X w(v) = |X|. Using the result

of [3], we can find a delegation function d(·), as given by the edges in D, that
minimizes the number of dissatisfied voters within the feasible solutions. �

4.2 Adding Secondary Objectives

We continue with exhibiting that MSO frameworks can be useful for tackling
other related problems as well. For the cases when we can solve min-sc (and
max-sg) optimally, we are investigating whether we can find such a solution
with additional properties (whenever the optimal is not unique). Motivated by
questions studied in [12], [13] and [15] we consider the following problems:

1. Among the optimal solutions to min-sc (or max-sg), find one in which a
given voter v casts a vote, or answer that no such solution exists.

2. Ditto, with having voter v abstain in an optimal solution.
3. Among the optimal solutions to min-sc (or max-sg), find one that minimizes

the number of abstainers.
4. Among the optimal solutions to min-sc (or max-sg), find one that minimizes

the maximum voting power over all gurus, i.e. the number of voters that she
represents (or equivalently that minimizes the maximum in-degree).

The fourth problem is quite important in models of LD, given also the critique
that often applies on such models that may accumulate excessive power on some
voters. Below we start by addressing the first three problems together.

Theorem 6. Consider an instance of assl, and let G be its corresponding
graph. It is in FPT w.r.t. the treewidth of G to find an optimal solution to
min-sc and max-sg, in which a given voter casts a ballot or abstains (if such a
solution exists). The same holds for minimizing the number of abstainers.

We come now to the fourth problem, which is the most challenging one. For
this, we will use yet another enriched version of the MSO framework, which
facilitates the addition of further constraints and helps in solving several degree-
constrained optimization problems. As these problems are in general more dif-
ficult [22], the results of [26] and [20] yield polynomial time algorithms w.r.t.
treewidth, but do not place them in FPT.

For the presentation we will stick to the terminology of [20]. Consider a
formula φ(X1, . . . , Xr) with free variables X1, . . . Xr. The main idea is to add
so-called global and local cardinality constraints and ask for an assignment that
satisfies both φ and the constraints. In the simpler version that we will use here,
a global cardinality constraint is of the form

∑
i∈[r] ai|Xi| ≤ b for given rational

numbers ai, i ∈ [k] and b (some of these numbers can be zero so that we constrain
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the cardinality of only some of the free variables). On the other hand, a local
cardinality constraint for a vertex has to do with limiting the number of its
neighbors or incident edges that belong to a set corresponding to a free variable.
For example, if X1 is a free variable of φ that encodes a vertex set, and X2 is a
free variable encoding an edge set, we can have constraints of the form “for each
vertex v of G, the number of vertices in X1 adjacent to v belongs to a set a(v)”,
where a(v) contains the allowed values (e.g., could be an interval). Similarly, we
can express that the number of edges of X2 incident with v can take only specific
values from some set a′(v). A nice representative illustration for local constraints
in [20] is the capacitated dominating set problem, where one needs to pick
a dominating set D respecting capacity constraints for every v ∈ D.

Theorem 7. Consider an instance of assl where the associated graph G has
constant treewidth. Then among the optimal solutions to min-sc, we can find in
polynomial time a solution that minimizes the maximum in-degree of the gurus.

Proof Sketch. Starting from the directed graph G, let G′ = (V ′, E′) be the graph
used in the proof of Theorem 5, derived from G. Our first step is to use Theorem
5 and solve min-sc optimally so that we know the cost of an optimal solution.
Suppose that we have c unsatisfied voters in an optimal solution.

In order to proceed and utilize the extended MSO framework of [20], we need
to work with an undirected graph. To this end, we create an undirected graph
H = (V ′′, E′′) from the directed graph G′ by having each v ∈ V correspond
to 2 vertices, vin and vout in V ′′. In this manner, out-going edges from v will
correspond to edges incident with vout in H whereas incoming edges to v will be
incident to vin. The graph H will also include the node a for the abstentions, so
that in total V ′′ = Vin ∪ Vout ∪ {a}. Given this construction, it is easy to verify
that if G has bounded treewidth, so does H.

The next step is to produce a formula for the undirected graph H, whose
satisfying assignments will correspond to valid delegation functions on the orig-
inal graph G. We will denote our formula by ψ(D,F,X), with the free variables
D,F,X. As in Theorem 5, the set D will be a subset of edges encoding a valid
delegation function. The set F will encode the set of voters who cast a ballot
themselves. Finally, the set X will encode the dissatisfied voters induced by D.

Following the framework of [20], we now add 2 classes of constraints that we
want to be satisfied in addition to ψ(D,F,X). The first one is a so-called global
cardinality constraint to ensure that the number of dissatisfied voters is no more
than the optimal. Since we have already solved min-sc and the solution is c, and
since X expresses the set of dissatisfied voters, the constraint will be |X| ≤ c.

Finally, we add the so-called local cardinality constraints. We will produce
a set of constraints depended on a fixed number d ∈ {0, 1, . . . , n} such that the
constraints will ensure that the maximum degree of every vertex in F is bounded
by d. By using [20], we can now decide for every d if there is an assignment to
the variables D,F,X that satisfies ψ(D,F,X) together with the global and local
cardinality constraints. To summarize, the steps of the overall algorithm are:
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(1) Use Theorem 5 to find the optimal number of dissatisfied voters.
(2) TransformG to the undirected graphH and construct the formula ψ(D,F,X).
(3) For d = 0 to n, decide if ψ(D,F,X) is satisfiable subject to the global and
local cardinality constraints introduced above. Stop in the first iteration where
this is true and create the delegation function from D and F . �

5 Discussion and Other Directions

We have presented a model that allows voters to express preferences over del-
egations via an approval set. Our main goal has been to optimize the overall
satisfaction of the voters, which implies that it suffices to focus only on direct
delegations to actual voters. Even under this simpler solution space, the prob-
lems we study are intractable, even when the out-degree is a small constant. On
the positive side, we have exhibited constant factor approximation algorithms for
graphs of constant maximum out-degree, as well as exact algorithms under the
bounded treewidth condition, even when secondary objectives are also present.
It is therefore interesting to see if any other parameter can play a crucial role
on the problem’s complexity.

All our results also hold under the generalized model where a graph G is
given so that the out-neighborhood N(v), of voter v, expresses the set of feasible
delegations which is a (possibly strict) superset of her approved delegations. On
the other hand, the case where the approved delegatees of a voter v are not
necessarily neighbors seems more complex (e.g., a voter approves some other
person but cannot directly delegate to her due to hierarchy constraints). Finally,
the results of Section 3 also hold for weighted voters, whereas the results of
Section 4 only hold if the weights are polynomially bounded in unary form.

Another worthwhile direction comes from the fact that the MSO framework
primarily serves as a theoretical tool for placing a problem in a certain complexity
class but yields impractical running times. One could proceed with a theoretical
and/or experimental study of tailor-made dynamic programming algorithms for
the problems presented in Section 4. Coming to our last result (Theorem 7), an
interesting approach for future work would be to provide algorithms with trade-
offs between the total dissatisfaction and the maximum voting power (instead
of optimizing one objective and keeping the other as a secondary objective).

5.1 Towards a Game-Theoretic Analysis

We conclude our work with a preliminary game-theoretic analysis, which can
serve as the basis for a more elaborate future study of these models. Motivated
by the approach of [12,13], we define the following simple game: Say that in an
instance of assl each voter v acts as a strategic player, whose strategy space
is N(v) ∪ {v,⊥}. The utility that she can earn from an outcome is either 1, if
she is satisfied with that outcome, or 0 otherwise. The first relevant question is
whether such games admit pure Nash equilibria, i.e., delegation functions under
which no voter is able to unilaterally change her strategy and increase her utility.
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In contrast to the model of rank-based preferences of [12,13], in our case, Nash
equilibria are guaranteed to exist.

Proposition 1. In every instance of assl, there exists a pure Nash equilibrium,
which can be computed in polynomial time.

In order to evaluate the equilibria of a game (in terms of the derived social
good, or similarly in terms of social cost), we can use the Price of Anarchy
as a standard metric. This can be defined as the worst possible ratio between
the optimal solution for the social good against the number of satisfied voters
at a Nash Equilibrium. Unfortunately, we show below that strategic behavior
can lead to quite undesirable solutions and we note that this could act as an
argument in favor of using a centralized mechanism, as done in the previous
sections, to avoid such bad outcomes.

Proposition 2. The Price of Anarchy for the strategic games of the assl model,
can be as bad as Ω(n), even when ∆ ≤ 1.

Finally, note that Proposition 2 raises the question of coming up with richer
game-theoretic models of the delegation process (e.g. richer utility functions or
repeated games) so as to understand thoroughly the effects of strategic behavior.
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19. Kavitha, T., Király, T., Matuschke, J., Schlotter, I., Schmidt-Kraepelin, U.: Pop-

ular branchings and their dual certificates. In: Proceedings of the Twenty-First
International Conference on Integer Programming and Combinatorial Optimiza-
tion. pp. 223–237 (2020)
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