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Abstract
In [26], Papadimitriou proposed a game theoretic framework for analyzing incentive
issues in Internet routing. In particular he defined the following coalitional game:
Given a network with a multicommodity flow satisfying node capacity and demand
constraints, the payoff of a node is the total flow originated or terminated at it.
A payoff allocation is in the core of the game if and only if there is no subset of
nodes that can increase their payoff by seceding from the network. We answer one
of the open problems in [26] by proving that for any network, the core is non-empty
in both the transferable (where the nodes can compensate each other with side
payments) and the non-transferable case. In the transferable case we show that
such an allocation can be computed in polynomial time. We also generalize this
result to the case where a strictly concave utility function is associated with each
commodity.
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Introduction

The Internet, which has become a common playground for a large number of
entities with selfish motives and varying degrees of collaboration, naturally
gives rise to new game theoretic issues [26]. Problems that stem from Internet
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applications are very different from traditional algorithmic problems as the
behavior of the participants is determined by their own goals and not by
the instructions of the designer. It seems that such problems would require
techniques and ideas from both computer science and game theory. In this
paper we focus on one specific problem, namely incentive issues in Internet
routing.
The Internet is composed of many administrative domains or Autonomous Systems (ASes). Each AS is usually administered by a single entity. For example,
a corporation or a university campus often defines an autonomous system.
The connectivity of the Internet is determined by agreements between ASes
for routing each other’s traffic. The current protocol for routing between ASes
is the Border Gateway Protocol (BGP). BGP works without a centralized authority by allowing ASes to constantly announce and exchange routing paths.
ASes can be considered independent self-interested agents, following routing
policies that serve their own interests. In particular, ASes would like to satisfy
their own and their customers’ traffic demands and at the same time they
would prefer to avoid carrying transit traffic, i.e., traffic that is neither originated nor destined to them or their customers. Avoiding transit traffic though,
might result in sub-optimal efficiency and instability in the network. It might
even affect the network connectivity.
A question that arises naturally is whether it is possible to have a routing
scheme which maximizes network efficiency and is stable in the sense that
no AS or subset of ASes has an incentive to secede. In [26], Papadimitriou
proposed a game theoretic formulation of this question by defining the following coalitional game: Given a network with a multicommodity flow, satisfying
node capacity and demand constraints, the payoff of a node is the total flow
originated or terminated at it (flow passing through a node is not included in
its payoff). One of the open problems in [26] was to find sufficient conditions
under which the core of the game is non-empty. An outcome of a game is in
the core if no subset of players can collude and obtain a better payoff for its
members, either viewed as a set (transferable payoff), or for each player in the
coalition individually (non-transferable payoff).
We show that the core of this game is always non-empty. In the transferable
case, an allocation in the core can be computed in polynomial time by solving
the dual program of the multicommodity flow problem. For the same game
with non-transferable payoff our proof of non-emptiness of the core is nonconstructive. It is still an open question whether a core allocation can be
computed efficiently for this case.
We also generalize this result to the case where a strictly concave utility function is associated with each commodity. In [17], Kelly proposed such a model
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for analyzing charging, rate control and routing in communication networks.
An optimal outcome in his model is expressed as the solution of a non-linear
program. The dual variables of that program (shadow prices) can be interpreted as actual payments of the nodes for their traffic. Using a similar argument as before, we show that if ASes compensate each other according to
these shadow prices, the resulting payoff allocation is in the core.
The use of dual variables for producing an allocation in the core is not new.
In [4,6,13–16,25,29] classes of games are defined in which a core allocation is
obtained as a function of the dual variables. In fact if the demand constraints
are dropped and all the nodes have unit capacity then the non-emptiness of the
core in the multicommodity flow game with transferable payoff follows from
Theorem 1 in [6]. For facility-location games [4,13] show that the dual of the
facility location problem is equivalent to the problem of finding core allocations
if there is no integrality gap. In some games, e.g. [29] every allocation in the
core is obtained via a dual solution. However this is not the case in our game.
Several complexity results have also been obtained (e.g. for testing membership
or non-emptiness of the core) among others by [6,9,7,5].
Incentive issues in routing have also been addressed in [23] and [10] from
a mechanism design point of view. In their models each link [23] or node
[10] incurs a cost for routing a packet. VCG-type payment mechanisms are
obtained to make the links or the nodes behave truthfully regarding the cost
of routing.
In the next section we give some definitions and results from coalitional game
theory which will be used later on. In Section 3 we focus on the linear multicommodity flow game and prove that the core is always non-empty in both
the transferable and the non-transferable case. In Section 4 we give a gametheoretic formulation of Kelly’s non-linear model [17] and prove that again the
core is non-empty. We conclude in Section 5 with open problems and directions
for further research.
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Definitions and Notation

A coalitional (or cooperative) game is determined by a set of players N =
{1, · · · , n}, a set of possible outcomes O(S) for every coalition S ⊆ N and
a set of payoff vectors V (S) corresponding to the outcomes. A payoff vector
x ∈ V (S) corresponding to the outcome o ∈ O(S) determines the payoff of
each player if the outcome o is realized. The set N is sometimes referred to as
the grand coalition.
A solution concept in coalitional game theory is usually defined as a set of
3

payoff allocations that are stable in some certain sense. Among all the solution
concepts that have been proposed over the years, the core is probably the most
intuitive one. The core consists of all payoff allocations for which no subset of
players (coalition) can improve upon by cooperating only among themselves.
This means that once an agreement in the core has been reached, no coalition
has an incentive to secede.
We will define the core for two scenarios of coalitional games. In games with
transferable payoff, players can compensate each other with side payments. In
such games a coalition S can be completely characterized by the maximum
total payoff that it can achieve in O(S). We will denote this number by v(S).
The coalition is allowed to split the payoff v(S) among its members in any
possible way. The core of the game will be the set of payoff allocations for
which no coalition can gain more.
More formally, with each such game we associate a characteristic function
v : P (N ) → R+ , where P (N ) is the powerset of N . Following standard assumptions in the literature we require that:
(i) v(∅) = 0.
(ii) v(S ∪ T ) ≥ v(S) + v(T ), if S ∩ T = ∅.
We will denote a payoff allocation by a vector x = (x1 , · · · , xn ), xi ≥ 0, where
xi is the payoff allocated to player i. Given an allocation x, we will denote
P
by x(S) the payoff that is allocated to a coalition S, i.e. x(S) = i∈S xi . A
payoff allocation is an imputation if x(N ) = v(N ). The core is the set of stable
imputations:
core = {x : x(N ) = v(N ) and x(S) ≥ v(S) ∀S ⊂ N }.
In games with non-transferable payoff, compensations among different players
are not possible. In this case a coalition S is characterized by the set V (S) of
payoff vectors. The interpretation of V (S) is that it contains all the possible
payoff allocations that can be obtained by S. A coalition S can improve upon
a payoff vector x if there exists an allocation y ∈ V (S) such that xi < yi for
all i ∈ S. Hence the core will be:
core = {x ∈ V (N ) : ∀S 6 ∃y ∈ V (S) s.t. yi > xi ∀i ∈ S}.
Necessary and sufficient conditions for the non-emptiness of the core in games
with transferable payoff were given by Bondareva and Shapley [1,28]. In [27],
Scarf generalized their result and provided a sufficient condition in games with
non-transferable payoff.
Definition 1 Let T be a collection of coalitions. T is said to be a balanced
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collection if and only if we can find nonnegative weights δS for all S ∈ T such
P
that for every i ∈ N , S∈T :i∈S δS = 1.
Given a coalition S, we will call a vector u attainable by S if u ∈ V (S). We will
also denote by uS the vector whose entries are the entries of u that correspond
to the players of S (i.e., the projection of u to S).
Definition 2 A game is balanced if and only if for every balanced collection
T , if u is such that uS is attainable by S, for all S ∈ T , then u is attainable
by N .
Theorem [Scarf ] : Every balanced game has a non-empty core.

3

The Multicommodity Flow Game

As an attempt to address incentive issues in the Internet, Papadimitriou [26]
defined the following coalitional game: let G be an undirected graph on a set
of nodes N with a capacity ci on each node and a symmetric demand matrix
D (where dij is the demand between nodes i and j). Each node represents
an AS and the capacity of node i is a simplification attempting to capture
the capability of the corresponding subnetwork. An outcome of the game is
a feasible multicommodity flow subject to demand and capacity constraints,
i.e., a vector {fp } where for a path p from i to j, fp is the flow exchanged
between these nodes along path p. The total flow exchanged between i and j
P
will then be equal to fij = fji = fp , where the sum is taken over all paths
connecting i and j. Therefore the matrix F = (fij ) will satisfy F ≤ D. In
the game with transferable payoff the value v(S) for a coalition S ⊆ N is
the maximum flow subject to demand and capacity constraints in the graph
P P
induced by S. In other words v(S) = max i j fij /2, where the maximum
is taken over feasible flows. In the non-transferable case the set V (S) consists
of the vectors u = (u1 , · · · , u|S| ) such that there exists a feasible flow F in the
P
graph induced by S for which ui = j fij /2. Note that for a vector u ∈ V (S),
P
it is not necessarily true that the sum ui is equal to the maximum flow in
the graph induced by S.
Finding sufficient conditions for the non-emptiness of the core was posed as
an open problem in [26]. In the following subsections we will show that the
core is always non-empty in both cases.
5

3.1

The Coalitional Game with Transferable Payoff

For each i, j ∈ N let Pij denote the set of all paths between i and j and let
P = ∪Pij . A maximum flow satisfying as much of the demands as possible is
the solution of the following linear program:
maximize

X

fp

p∈P

subject to

X

fp ≤ ci ∀i ∈ N

p:i∈p

X

(1)
fp ≤ dij ∀i, j ∈ N

p∈Pij

fp ≥ 0

∀p ∈ P

The dual program is:
minimize

X

ci xi +

i∈N

subject to

yij +

X

dij yij

i,j∈N

X

xi ≥ 1 ∀p ∈ Pij

i∈p

(2)

xi ≥ 0

∀i ∈ N

yij ≥ 0

∀i, j ∈ N

Here the dual variable xi corresponds to node i in the graph and the variable
yij corresponds to the unordered pair of nodes (i, j).
The first part of the following theorem can also be proved by directly applying
the Bondareva-Shapley theorem. However we present the proof that constructs
the payoff allocation by using the dual program to establish polynomial running time.
Theorem 3 The core of the multicommodity flow game with transferable payoff is non-empty. Furthermore, a payoff allocation in the core can be computed
in polynomial time.
Proof : Consider an optimal dual solution {xi }, {yij }. For each node i define
its payoff to be:
P

pi = ci xi +

6

j

dij yij
2

To show that the payoff vector {pi } belongs to the core we need to show that:
P

(i) i∈N pi = OP T (N ).
P
(ii) For every subset S, i∈S pi ≥ OP T (S).
where for S ⊆ N , OP T (S) is the optimal value of (1) when restricted to the
subgraph induced by S.
For the first part note that:
X

pi =

i∈N

X

X

ci xi +

i∈N

dij yij = OP T (N )

i,j∈N

by the strong duality theorem [2].
For the second part, consider a coalition S and the network that is induced by
S. Let i ∈ S, j ∈ S and p ∈ Pij such that p is entirely in the induced graph.
Since {xi : i ∈ N }, {yij : i, j ∈ N } is a dual optimal (and hence feasible)
solution to the original problem it holds that :

yij +

X

xi ≥ 1

i∈p

Therefore, ({xi : i ∈ S}, {yij : i, j ∈ S}) is a dual feasible solution for the
induced linear program on S. Thus:
X

ci xi +

X

dij yij ≥ OP T (S)

i,j∈S

i∈S

But now the following holds:
P
X

pi =

X

≥

X

=

X

i∈S

ci xi +

i∈S

X

(

i∈S

dij yij
)
2

j∈N

ci xi +

1 XX
dij yij
2 i∈S j∈S

ci xi +

X

i∈S

i∈S

dij yij

i,j∈S

≥ OP T (S)
Hence {pi } is in the core.
The above argument directly yields a polynomial time algorithm for computing
an allocation that lies in the core by solving the dual program. It should be
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noted here that even though the dual program in general has an exponential
number of constraints, it is known that it can be solved in polynomial time [31].
2
In the payoff allocation that we constructed, each of the nodes i, j receives
exactly half of the payoff term yij dij . It is easily seen that if we arbitrarily
allocate αij yij dij to node i and (1 − αij )yij dij to node j for 0 ≤ αij ≤ 1 the
resulting allocation is also in the core. We should note however that these are
not the only core allocations of the game.

3.2

The Coalitional Game with Non-Transferable Payoff

In a coalitional game with transferable payoff, we assume that players can
compensate each other with a side payment. This assumption is not justified
in many cases [24].
We will show that the core of the multicommodity flow game without transferable payoff is not empty using Scarf’s Theorem (Section 2). Thus, we need
only show that the game is balanced.
Theorem 4 The multicommodity flow game with non-transferable payoff is
balanced and hence has a non-empty core.
Proof : Consider a balanced collection of coalitions T . Let δS be the correP
sponding weight to each coalition such that for every i ∈ N , S∈T,i∈S δS = 1.
Consider a payoff vector u which is attainable by every coalition S ∈ T . We
need to show that u is attainable by N . For a coalition S ∈ T , since u is attainable by S, there exists a feasible flow f S subject to demand and capacity
P
constraints such that for every player i: j fijS /2 = ui (fijS is the flow routed
for the commodity (i, j) in the subgraph induced by S). We construct the flow
P
f = S∈T δS f S . For a node i the total flow that we route for the commodities
containing i (divided by 2) is:
X
X
1 X
δS
fijs =
δS ui = ui
2 S∈T,i∈S
j
S∈T,i∈S

It is also easy to see that this flow satisfies capacity and demand constraints.
Hence u is attainable by N and the game is balanced, which implies that the
core is non-empty.
2
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4

The Game with Non-Linear Utility Functions

In [17], Kelly defines a mathematical model for analyzing issues of pricing,
rate control and routing in communication networks. Similar models have
also been used among others by [18,20,21]. The model consists of a network
with a set of nodes N , a capacity for each node ci and a set of commodities
K. We will denote by Ps the set of paths that commodity s is using to send
flow from its source to its sink and P = ∪Ps . If a commodity s is sending
flow at a rate of xs then its source and sink derive a utility of Us (xs ) where
Us is an increasing, strictly concave and continuously differentiable function
(according to Shenker [30] traffic that leads to such utility functions is called
elastic traffic). We further assume that the aggregate utility of the network
P
for flow rates {xs } is s Us (xs ).
In this setting, if flow fp is sent along each path p ∈ P then the total flow
P
rate for commodity s is p∈Ps fp . To find the system’s optimal rates we need
to solve the following non-linear optimization problem:
maximize

X

Us (xs )

s∈K

subject to

X

fp ≤ ci ∀i ∈ N

i∈p

X

(3)

fp = xs ∀s ∈ K

p∈Ps

fp ≥ 0

∀p ∈ P

xs ≥ 0

∀s ∈ K

Note that unlike Section 3 we do not have any demand constraints. This is
purely for ease of exposition and our results hold even when a demand matrix
is specified.
We construct the dual of (3). Consider the Lagrangian form:
L(x, f, λ, µ) =

X
s∈K

=

X

Us (xs ) +

X

µi (ci −

i

X
i∈p

(Us (xs ) − λs xs ) +

s∈K

X
p∈P

fp ) −

X

λs (xs −

s∈K

fp (λs(p) −

X
i∈p

X

fp )

p∈Ps

µi ) +

X

c i µi

i∈N

where λ = {λs : s ∈ K}, µ = {µi : i ∈ N, µi ≥ 0} are vectors of Lagrange
multipliers and for a path p, s(p) denotes the commodity that the path serves.
Define the function
D(λ, µ) = max L(x, f, λ, µ)
x≥0,f ≥0
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We can simplify the function D(λ, µ) by noting that:
X
∂L
= λs(p) −
µi
∂fp
i∈p

This means that at a maximum of L over the orthant x ≥ 0, f ≥ 0 the
following should be true:
If fp > 0 then λs(p) =

X

µi .

i∈p

Thus
D(λ, µ) = max
x≥0

=

X
s∈K

X

(Us (xs ) − λs xs ) +

s∈K

X

c i µi

i∈N

(Us (xs ) − λs xs ) +
max
x
s

X

c i µi

i∈N

The dual program of (3) is:
minimize

D(λ, µ)

subject to

µi ≥ 0 ∀i ∈ N

(4)

The objective function of (3) is differentiable and strictly concave and the
feasible region is compact. Hence (3) has an optimal solution. By the duality
theorem [22], there exists a dual optimal solution for (4).
As in [17,20] the dual variables of an optimal solution (shadow prices) can be
interpreted as congestion control signals. Furthermore they can also indicate
actual payments to the nodes for routing traffic. In this case we show that
payments defined by an optimal dual solution result in a payoff allocation
which lies in the core.
As in Section 3 we can view the nodes of the network as players in a coalitional
game with transferable payoff. The outcome of the game is again a multicommodity flow satisfying the constraints in (3) and for a coalition S ⊂ N we
define its payoff v(S) to be: v(S) = 2OP T (S) where OP T (S) is the optimal
value of (3) when restricted to the subgraph induced by the nodes in S. This
is a natural generalization of the game that we studied in Section 3 where
now the total payoff of a coalition is not the maximum flow it can send but a
concave function of the maximum flow.
The question that arises of course is whether this game has a non-empty core.
We will answer this question in the affirmative.
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Theorem 5 Any optimal solution (λ, µ) to the dual program (4) gives rise to
a payoff allocation which is in the core.
Proof : The argument is essentially the same as in the proof of Theorem 3.
For a node i ∈ N , let K(i) be the set of commodities in which i is either a
source or a sink. We can define the following payoff allocation to the nodes:
X

pi =

max(Us (xs ) − λs xs ) + 2ci µi

s∈K(i)

xs

To show that p = {pi } is in the core note first that:
X

pi =

i∈N

=2

X

(

X

i∈N s∈K(i)

X
s∈K

max(Us (xs ) − λs xs ) + 2ci µi )
xs

max(Us (xs ) − λs xs ) + 2
xs

X

ci µi = v(N )

i∈N

Therefore it remains to show that for every coalition S, i∈S pi ≥ 2OP T (S).
Consider a coalition S and the dual variables that correspond to commodities
and nodes in the subgraph induced by S. These variables form a feasible
solution to the dual of (3) when restricted to this subnetwork. Therefore we
have:
X
pi = 2D(λ, µ; S) ≥ 2OP T (S) = v(S)
P

i∈S

where by D(λ, µ; S) we denote the dual objective function restricted to the
subnetwork of S. Hence the allocation {pi } lies in the core.
2
We should also note that our proof for the non-transferable case in Section 3.2
also holds when the utilities are concave functions of the flow, which is the
case here.

5

Discussion and Open Questions

In [19], Kelly and Vazirani showed that the problem of charging and rate
control as defined in Kelly [17] can be seen as a generalization of Fisher’s
market equilibrium problem [3,8]. The optimum dual variables in that model
correspond to market clearing prices. Hence, Theorem 5 on core allocations in
section 4 is along the same lines of the classic result in coalitional game theory
that allocations corresponding to an equilibrium in the market lies in the core
[24].
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The core of a game is a useful concept in a cooperative setting where all
the information regarding preferences, capacities and demands is known to
all agents. Clearly this is not the case in the Internet. Moreover, in the core
allocation that we constructed in sections 3.1 and 4, the payoff that a node
receives depends on its capacity. It can be seen by using complementary slackness conditions that a node might receive a bigger payoff if it announces a
smaller capacity. It is an interesting problem to design a distributed strategyproof mechanism such that no node has an incentive to lie about its capacity.
For related results on algorithmic mechanism design see [23,10,11].
The proof of non-emptiness of the core in Section 3.2 is based on Scarf’s
Theorem which is non-constructive. An open problem is to find an algorithm
for computing a solution in the core efficiently.
In the non-linear model, if each commodity uses only one path, it is shown in
[12,20] that shadow prices can be computed by a distributed algorithm where
the local computation is done on each link (on each AS in our case). We are
not aware of any result for the general case.
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