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Abstract. We consider the problem of computing a Nash equilibrium in
multiple-player games. It is known that there exist games, in which all the
equilibria have irrational entries in their probability distributions [19].
This suggests that either we should look for symbolic representations of
equilibria or we should focus on computing approximate equilibria. We
show that every finite game has an equilibrium such that all the entries
in the probability distributions are algebraic numbers and hence can be
finitely represented. We also propose an algorithm which computes an
approximate equilibrium in the following sense: the strategies output by
the algorithm are close with respect to l∞ -norm to those of an exact
Nash equilibrium and also the players have only a negligible incentive
to deviate to another strategy. The running time of the algorithm is
exponential in the number of strategies and polynomial in the digits of
accuracy. We obtain similar results for approximating market equilibria
in the neoclassical exchange model under certain assumptions.
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Introduction

Noncooperative game theory has been extensively used for modeling and analyzing situations of strategic interactions. One of the dominant solution concepts in
noncooperative games is that of a Nash equilibrium [19]. Briefly, a Nash equilibrium of a game is a situation in which no agent has an incentive to unilaterally
deviate from her current strategy. A nice property of this concept is the well
known fact that every game has at least one such equilibrium [19].
In this paper we consider the problem of computing a Nash equilibrium in
finite games. The proof given by Nash for the existence of equilibria is based
on Brouwer’s fixed point theorem and is nonconstructive. A natural algorithmic
question is whether a Nash equilibrium can be computed efficiently. Even for a
2-player game there is still no polynomial time algorithm. The running time of
the known algorithms (see among others [12–16]) is either exponential or has not
been determined yet (and is believed to be exponential). For m-person games,
m > 2, the problem seems to be even more difficult [18]. Recently it has also been
shown that finding equilibria with certain natural properties (e.g. maximizing
payoff) is NP-hard [4, 8]. The complexity of finding a single equilibrium has been
addressed as one of the current challenges in computational complexity [20].
An issue related to the complexity of the problem is that even for 3-player
games, there exist examples [19] in which the payoff data are rational numbers

but all the Nash equilibria have irrational entries. Hence it is still not clear
whether an equilibrium can be finitely represented on a Turing machine.
The problems mentioned above suggest two potential directions for research.
The first one (perhaps more interesting from a theoretical point of view) is to
see whether there exist alternative symbolic representations of Nash equilibria.
Symbolic representations of numbers have been used in many areas of mathematics such as algebra or algebraic geometry as well as in algorithmic problems
involving symbolic computations. A second, more practical goal, is to look for
approximate equilibria. An approximate equilibrium is usually defined in the literature as a set of strategies such that, either no player can increase her payoff
by a nonnegligible amount if she deviates to another strategy, or the strategies,
when seen as probability vectors, are close with respect to some norm to an
exact Nash equilibrium.
We will address both objectives by using the observation that Nash equilibria
are essentially the roots of a single polynomial equation. In particular we show
that every game has at least one Nash equilibrium for which all the entries are
algebraic numbers, hence it can be finitely represented. The current bounds for
the size of the representation are exponential. We also use results from the existential theory of reals and propose an algorithm for computing an approximate
equilibrium in time poly(log 1/, L, mn ). Here m is the number of players, n is
the total number of available strategies,  is the degree of approximation and L is
the maximum bit size of the payoff data. We show that for the case of two players
we can compute an exact Nash equilibrium in time 2O(n) . This is yet another
exponential algorithm for computing an equilibrium in 2-person games. We also
note that similar algorithms can be obtained for computing market equilibria
under certain assumptions.
1.1

Related work

Recent algorithms for approximate equilibria but only for special classes of games
have been obtained in [10, 11]. The fact that Nash equilibria are fixed points of
a certain map [19] gives rise to many algorithmic approaches that are based
on Scarf’s algorithm [22], which is a general algorithm for approximating fixed
points. The worst case complexity of this algorithm is exponential in both the
total number of strategies and the digits of accuracy [9]. A recent algorithm for
approximate equilibria in m-player games with a provable upper bound on the
running time is that of [17]. The running time is subexponential in the number of
strategies and exponential in the accuracy parameter and the number of players.
It is better than ours for games with a small number of players. Our algorithm
is better in terms of the dependence on the digits of accuracy and for games
with relatively small total number of strategies. Our result is also stronger in
the sense that not only players have very small incentive to deviate from the
approximate equilibrium, but also the set of strategies which are output are
exponentially close to some exact Nash equilibrium. This is not ensured by the
algorithms of [22] and [17]. More information on algorithmic approaches can be
found in the surveys [18, 25].

The algebraic characterization of Nash equilibria as the set of solutions to a
system of polynomial inequalities has been used before. In [24], algebraic techniques are presented for counting the number of completely mixed equilibria.
In [5] it is shown that every real algebraic variety is isomorphic to the set of
completely mixed Nash equilibria of some three-person game. However representation and complexity issues are not addressed there.
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2.1

Notation and Definitions
Nash equilibria

Consider a game with m players. Suppose that the number of available (pure)
strategies for player i is ni . Let n0 = max ni . An m-dimensional payoff matrix
Ai is associated with each player. If players 1, · · · , m play the pure strategies
j1 , · · · , jm respectively, player i receives a payoff equal to Ai (j1 , · · · , jm ). For
simplicity we assume that the entries of the matrices are integers, at most L bits
long and H = 2L is their maximum absolute value.
A mixed strategy for player i is a probability distribution over the set of
her pure strategies and
P will be represented by a vector xi = (xi1 , xi2 , · · · , xi,ni ),
where xij ≥ 0 and
xij = 1. Here xij is the probability that the player will
choose her jth pure strategy. The support of xi (Supp(xi )) is the set {j : xij > 0}.
We will denote by Si the strategy space of player i, i.e., the (ni − 1)-dimensional
unit simplex. For an m-tuple of mixed strategies x = (x1 , · · · , xm ) ∈ S1 ×· · ·×Sm ,
the expected payoff to the ith player is:
P i (x) =

n1
X
j1 =1

···

nm
X

Ai (j1 , · · · , jm )x1,j1 · · · xm,jm

(1)

jm =1

Following standard notation, for a tuple of mixed strategies x = (x1 , · · · , xm ),
we will denote by x−i the set of strategies: {xj : j 6= i}. We will also denote by
(x−i , x0i ) the tuple (x1 , · · · , xi−1 , x0i , xi+1 , · · · , xm ), i.e., the ith player switches to
the strategy x0i while all other players keep playing the same strategy as in x.
The notion of a Nash equilibrium [19] is formulated as follows:
Definition 1. A tuple of strategies x = (x1 , · · · , xm ) ∈ S1 × · · · × Sm is a
Nash equilibrium if for every player i and for every mixed strategy x0i ∈ Si ,
P i (x−i , x0i ) ≤ P i (x).
The definition states that x is a Nash equilibrium if no player has an incentive
to unilaterally defect to another strategy. It is easily seen that it is enough to
consider only deviations to pure strategies. For a player i, let sji denote her
jth pure strategy. Then an equivalent definition is the following: x is a Nash
equilibrium if for any player i and any pure strategy of player i, sji : P i (x−i , sji ) ≤
P i (x).
Similarly we can formalize the notion of an -Nash equilibrium (or simply
-equilibrium), in which players have only a small incentive to deviate:

Definition 2. For  ≥ 0, a tuple of strategies x = (x1 , · · · , xm ) is an -Nash
equilibrium if for every player i and for every pure strategy sji , P i (x−i , sji ) ≤
P i (x) + .
Another notion of approximation is that of -closeness:
Definition 3. A point x = (x1 , · · · , xm ) ∈ S1 × · · · × Sm is -close to a point
y ∈ S1 × · · · × Sm if ||xi − yi ||∞ ≤  forall i = 1, ..., m
Note that an -equilibrium is not necessarily close to a real Nash equilibrium.
2.2

Algebra

We give some definitions of basic algebraic concepts that we are going to use in
the later sections. For a more detailed exposition we refer the reader to [3].
Definition 4. A real number α is an algebraic number if there exists a univariate polynomial P with integer coefficients such that P (α) = 0.
Definition 5. An ordered field R is a real closed field if
1. every positive element x ∈ R is a square (i.e. x = y 2 for some y ∈ R).
2. every univariate polynomial of odd degree with coefficients in R has a root
in R.
Obviously the real numbers are an example of a real closed field.
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Nash equilibria are roots of a polynomial

A Nash equilibrium is a solution of the following system of polynomial inequalities and equalities:
xij ≥ 0
ni
X

xij = 1

i = 1, ..., m, j = 1, ..., ni
i = 1, ..., m

(2)

j=1

P i (x−i , sji ) ≤ P i (x) i = 1, ..., m, j = 1, ..., ni
P
Let n =
ni . The system has n variables and 2n + m = O(n) multilinear constraints. By adding slack variables we can convert every constraint to
an equation, where each polynomial is of degree at most m (the degree of a
polynomial is the maximum total degree of its monomials). Note that the slack
variables are squared so that we do not have to add any more constraints for
their nonnegativity:

2
Bij = xij − βij
=0

Γi =

ni
X

i = 1, ..., m, j = 1, ..., ni

xij − 1 = 0

i = 1, ..., m

(3)

j=1
2
∆ij = P i (x) − P i (x−i , sji ) − δij
= 0 i = 1, ..., m, j = 1, ..., ni

We can now combine all the polynomial equations into one by taking the
sum of squares (P1 = 0 and P2 = 0 is equivalent to P12 + P22 = 0). Therefore we
have the following polynomial which we will refer to as the polynomial of the
game (A1 , ..., Am ):
Φ(A1 , ..., Am ) =

ni
m X
X
i=1 j=1

2
Bij
+

m
X

Γi2 +

i=1

ni
m X
X

(4)

i=1 j=1
O(m)

Claim. Φ(A1 , ..., Am ) has degree 2m, O(n) variables, n0
imum absolute value of its coefficients O(nH 2 ).
3.1

∆2ij

monomials and max-

Finite Representation of Nash Equilibria

Irrationality is not necessarily an obstacle towards obtaining a finite representation for a Nash equilibrium. For example, a real algebraic number α can be
uniquely specified by the irreducible polynomial with integer coefficients, P , for
which P (α) = 0 and an interval which isolates the root α from the other roots of
P . In the next Theorem we show that every game has a Nash equilibrium that
can be finitely represented. The proof is based on a deep result from the theory
of real closed fields known as the transfer principle [3]. We also need to use the
fact that equilibria always exist. We are not aware if there is an alternative way
of proving Theorem 1. The original topological proof of existence by Nash via
Brouwer’s fixed point theorem, though powerful enough to guarantee an equilibrium, does not seem to give any further information on the algebraic properties
of the equilibria.
Theorem 1. For every finite game there exists a Nash equilibrium x = (x1 , ...,
xm ) such that every entry in the probability distributions x1 , · · · , xm is an algebraic number.
Proof. Given a game (A1 , ..., Am ), the set of its Nash equilibria is the set of roots
of the corresponding polynomial Φ (excluding the slack variables). By Nash’s
proof [19] we know that the equation Φ(A1 , ..., Am ) = 0 has a solution over the
reals. Consider the field of the real algebraic numbers Ralg . It is known that
Ralg is a real closed field [3]. The Tarski-Seidenberg theorem, also known as the
transfer principle (see [3]), states that for two real closed fields R1 , R2 such that
R2 ⊆ R1 , a polynomial with coefficients in R2 has a root in R2 if and only if it

has a root in R1 . The real numbers form a real closed field which contains Ralg .
Since the coefficients of Φ are integers, it follows immediately that there exists
a Nash equilibrium in Ralg .
A natural question is whether there are reasonable upper bounds for the
degree and the coefficient size of the polynomials that represent the entries of
an equilibrium. The known upper bounds are exponential. In particular, it follows by [3][Chapter 13] and by the Claim in Section 3 that the degrees of the
polynomials will be mO(n) and the coefficient size will be O(L + log n)mO(n) .
3.2

Algorithmic Implications

A more practical goal to pursue is to compute an approximate equilibrium. For
this we will use as a subroutine a decision algorithm for the existential theory of
reals.
A special case of the decision problem for the existential theory of reals is to
decide whether the equation P (x1 , ..., xk ) = 0 has a solution over the reals. Here
P is a polynomial in k variables of degree d and with integer coefficients. The
best upper bound for the complexity of the problem is dO(k) , as provided by the
algorithms of Basu et al. [2] and Renegar [21].
Theorem 2. For an m-person game, m ≥ 2, and for 0 <  < 1, there is an
algorithm which runs in time poly(log 1/, L, mn ) and computes an m-tuple of
strategies x ∈ S1 × · · · × Sm such that:
1. x is /d-close to some Nash equilibrium y, where d = 2m+1 nm
0 H.
2. |P i (x) − P i (y)| < /2 for all i = 1, ..., m.
3. x is an -Nash equilibrium.
To prove Theorem 2, we need the following Lemma:
Lemma 1. Let y = (y1 , ..., ym ) be a Nash equilibrium. Let x = (x1 , ..., xm ) be
∆-close to y, where ∆ < 1. Then:
1. x is an -Nash equilibrium for  = 2m+1 nm
0 H∆.
2. |P i (x) − P i (y)| < /2 for all i = 1, ..., m.
Proof. We give a sketch of the proof. Since x is ∆-close to y, each xi can be
written in the form xi = yi + ei , where ei = (ei1 , ..., ei,ni ) and |eij | ≤ ∆. For
condition 1, we need to prove that for every player i, P i (x) ≥ P i (x−i , sji ) − ,
for every pure strategy sji . Fix a pure strategy sji . Then:
X
X
P i (x) =
···
Ai (j1 , ..., jm )(y1,j1 + e1,j1 ) · · · (ym,jm + em,jm )
j1

jm

i

= P (y) + E1 + · · · + E2m −1
where each term Ei is an m-fold sum. Since y is a Nash equilibrium we have:
X
X
X
P i (x) ≥ P i (y −i , sji ) +
Ei = P i (x−i , sji ) +
Fi +
Ei

where each Fi is an (m − 1)-fold sum similar to the P
Ei terms.
P By performing
some
simple
calculations
we
can
actually
show
that:
|
E
+
Fi | ≤ . Hence
i
P
P
Ei + Fi ≥ −. Due to lack of space we omit the details for the final version.
The second claim can also be verified along the same lines.
From now on, let A be an algorithm that decides whether P (x1 , ..., xk ) = 0
has a solution over the reals in time dO(k) , for a degree d polynomial P (either
the algorithm of [2] or [21] will do).
Proof of Theorem 2 : By Lemma 1, we only need to find an m-tuple x
such that x is /d-close to some Nash equilibrium y. Let Φ(A1 , ..., Am ) be the
corresponding polynomial of the game. By the Claim in Section 3, the time to
compute the coefficients of all the monomials of Φ, given the payoff matrices,
O(m)
is n0
which is poly(mn ). We can now use A combined with binary search
to compute a rational approximation of some root. Suppose we start with the
variable x11 . We can add two more constraints to Φ expressing the fact that
x11 ∈ [0, 1/2]. We then run A for the new polynomial and if the answer is yes
we know that there exists an equilibrium with x11 ∈ [0, 1/2]. We can replace the
constraints that we added with the ones corresponding to x11 ∈ [0, 1/4]. If the
answer is no then there exists an equilibrium with x11 ∈ [1/4, 1/2], hence we
can continue our binary search in that interval. Proceeding in this manner we
will find an interval I11 with length at most /(n1 d). For this we need to run
O(log n1 d/) = O(log 1/ + m + m log n + L) = poly(log 1/, L, m, n) times the
algorithm A. We will then add to Φ the constraints corresponding to x11 ∈ I11
and we will go on to the next variable. When we are done with the variable
x1,ni −1 , the interval
P I1,ni for x1,ni is also determined. This is because x1,ni should
be equal to 1 − j6=ni x1j , so that x1 is a probability distribution. Therefore the
length of I1,ni will be at most /d. Hence by the end of this step we know that we
can select a probability distribution x1 for the first player such that |x1 − y1 |∞ ≤
/d for some Nash equilibrium y. We continue the procedure to determine an
interval for every variable xij . We can then output a rational number in Iij
for each variable so as to ensure that x1 , ..., xm are probability distributions.
Note that by the end we have only added O(n) additional slack variables and
constraints. Therefore the total running time will be poly(log 1/, L, mn ).

An exact algorithm for 2-person games We can show that for 2-person
games we can compute an exact Nash equilibrium using algorithm A as a subroutine. The crucial observation is that for 2-person games, if we know the support of the Nash equilibrium strategies, the exact strategies can be computed
by solving a linear program. This is true because an equilibrium strategy for
player 2 equalizes the payoff that player 1 receives for every pure strategy in her
support and vice versa. Hence we can write a linear program and compute the
Nash equilibrium with the given support since all the constraints are now linear.
By adding constraints of the form xij = 0 and by running A a linear number of
times, we can identify the support of some Nash equilibrium.

Theorem 3. There exists an algorithm that runs in time 2O(n) and computes
an exact Nash equilibrium.
Due to lack of space we omit the proof. This is yet another exponential
algorithm for computing an equilibrium in 2-person games. An upper bound
on the compexity of the problem can be obtained by the naive algorithm that
tries all possible pairs of supports for the two players, which is O(2n LPnn ) =
2O(n) , where LPnn is the time to solve a linear program with O(n) variables and
O(n) constraints. Our algorithm achieves the same asymptotic bound but is in
fact worse since the constant in the exponent is bigger than two. However we
would still like to bring it to the attention of the community firstly because it
is a different approach that has not been addressed before to the best of our
knowledge and secondly because a future improvement in decision algorithms
for low degree polynomial equations would directly imply an improvement in
our algorithm too.

4

Approximation of economic equilibria

Similar algorithms can be obtained for computing market equilibria in exchange
economies as well as in other economic models. We will briefly mention a special
case of the neoclassical exchange model. More information on the general model
can be found in [23].
Consider a market of m agents and n commodities (or goods). Each agent
n
. A continuous, strictly concave and increasing
has an initial endowment ei ∈ R+
n
utility function ui : R+ → R+ is associated with each agent.
n
, there exists a unique allocation of goods x to
Given a price vector p ∈ R+
each agent i that maximizes her happiness subject to her spending constraints
(px ≤ pei ). Given a price vector p and an agent i we denote by Si (p) the desired
allocation:
Si (p) = (Si1 (p), ..., Sin (p)) = arg maxn ui (x) s. t. px ≤ pei
x∈R+

(5)

P
For commodity j, let Dj (p) be the total demand for j, i.e., Dj (p) = i Sij (p).
Finally D(p) = (D1 (p), ..., Dn (p)) will be called the demand function. We will
make the assumption that for each commodity j the demand Dj (p1 , ..., pn ) is a
polynomial of degree d.
A price vector at which the market clears (goods can be exchanged such that
all the agents maximize their total happiness) is called a market equilibrium.
P It is
easy to seePthat such a vector will satisfy the conditions: p ≥ 0, D(p) − ei ≤ 0,
p(D(p) − ei ) = 0.
Without loss
P of generality we can assume that the price vector lies on a
simplex, i.e.,
pi = 1. That such an equilibrium always exists follows from the
celebrated Arrow-Debreu theorem [1], which in turn is based on Kakutani’s fixed
point theorem. By using the same argument as in Theorem 1 we can show that
there is always an equilibrium in which all the prices are algebraic numbers.

Concerning the complexity of the problem, since all the equations above involve
polynomials of degree at most d + 1 we have that:
Theorem 4. For any  > 0, there is an algorithm that runs in time poly(log 1/,
dn ), and computes a vector p such that p is -close to a market equilibrium.
This improves the bound that can be obtained by Scarf’s algorithm, which is
exponential in both log 1/ and n. More efficient algorithms for market equilibria
have been recently obtained (see among others [6, 7]) but only for linear utilities.

5

An application: systems of polynomial inequalities

Much of the research on equilibria in economic models has focused on the algorithmic problem of computing an equilibrium. A common approach has been
to reduce the question to an already known and studied problem (e.g. fixed
point approximations, linear and nonlinear complementarity problems, systems
of polynomial equations and many others). In this section we would like to propose an alternative viewpoint and take advantage of the fact that Nash or market
equilibria always exist. In particular, if a problem can be reduced to the existence
of an equilibrium in a game or market, then we are guaranteed that a solution
exists. As an example, we give the following theorem:
Theorem 5. Let A be a n × n matrix and ai be the i-th row of A. Let S ⊆
{1, ..., n}. Then the following system of inequalities in n variables x = (x1 , ..., xn )
xT Ax − ai x ≥ 0, i ∈ S
has a nonzero solution. In fact it has a probability distribution as a solution.
Proof. Consider the symmetric game (A, AT ). It is known that every symmetric
game has an equilibrium in which both players play the same strategy. The
inequalities of the system correspond to the constraints that if both players play
strategy x, a deviation to a pure strategy i, for i ∈ S does not make a player
better off.
Deciding whether a set of polynomial equations and inequalities has a solution
(or a non-trivial solution) has been an active research topic. Similar theorems
can be obtained for any system that corresponds to partial constraints for the
existence of Nash equilibria or market equilibria. We do not know if an algebraic
proof of Theorem 5 is already known. We believe that the existence of equilibria
in games and markets can yield a way of providing simple proofs for the existence
of solutions in certain systems of polynomial inequalities.
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